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Abstract 



Free vector fields, satisfying the Lorenz condition, are investigated in details in the mo- 
mentum picture of motion in Lagrangian quantum field theory. The field equations are 
equivalently written in terms of creation and annihilation operators and on their base the 
commutation relations are derived. Some problems concerning the vacuum and state vectors 
of free vector field are discussed. Special attention is paid to peculiarities of the massless 
case; in particular, the electromagnetic field is explored. Several Lagrangians, describing free 
vector fields, are considered and the basic consequences of them are pointed and compared. 



1. Introduction 



This paper is devoted to an exploration of two types of free vector fields in the momentum 
picture of Lagrangian quantum field theory 1 : massive vector fields and massless vector fields, 
the latter satisfying the Lorenz 2 condition as addition to the Lagrangian formalism. Since the 
massive free vector fields satisfy the Lorenz condition as a consequence of the Euler-Lagrange 
equations, both kinds of fields are treated on almost equal footing in the present work. 
However, the massless case has its own peculiarities to which special attention is paid. Most 
of the known results, concerning the mentioned fields in Heisenberg picture, are reproduced 
in momentum picture of motion. New results are obtained too. For example, the field 
equations in terms of creation and annihilation operators and the (second) quantization of 
electromagnetic field in Lorenz gauge (imposed on the fields potentials as operators), a special 
case of which is the quantization in Coulomb gauge. 

The work may be regarded as a continuation of [13, 14], where free scalar and spinor, 
respectively, fields are studied in momentum picture. 

The basic moments of the method, we will follow in this work, are the following ones: 

(i) In Heisenberg picture is fixed a (second) non-quantized and non-normally ordered op- 
erator-valued Lagrangian, which is supposed to be polynomial (or convergent power series) 
in the field operators and their first partial derivatives; 

(ii) As conditions additional to the Lagrangian formalism are postulated the commutativ- 
ity between the components of the momentum operator (see (|2.6|) below) and the Heisenberg 
relations between the field operators and momentum operator (see ()2.7(l below); 

(iii) Following the Lagrangian formalism in momentum picture, the creation and annihi- 
lation operators are introduced and the dynamical variables and field equations are written 
in their terms; 

(iv) From the last equations, by imposing some additional restrictions on the creation 
and annihilation operators, the (anti) commutation relations for these operators are derived; 

(v) At last, the vacuum and normal ordering procedure are defined, by means of which 
the theory can be developed to a more or less complete form. 

The main difference of the above scheme from the standard one is that we postulate the 
below-written relations Q2.6JI and Q2.7|) and, then, we look for compatible with them and 
the field equations (anti) commutation relations. (Recall, ordinary the (anti)commutation 
relations are postulated at first and the validity of the equations (|2.6j) and (|2.7j) is explored 
after that [15].) 

The organization of the material is as follows. 

In Sect. 121 are reviewed, for reference purposes, the basic aspects of momentum picture 

1 In this paper we considered only the Lagrangian (canonical) quantum field theory in which the quantum 
fields are represented as operators, called field operators, acting on some Hilbert space, which in general 
is unknown if interacting fields are studied. These operators are supposed to satisfy some equations of 
motion, from them are constructed conserved quantities satisfying conservation laws, etc. From the view-point 
of present-day quantum field theory, this approach is only a preliminary stage for more or less rigorous 
formulation of the theory in which the fields are represented via operator-valued distributions, a fact required 
even for description of free fields. Moreover, in non-perturbative directions, like constructive and conformal 
field theories, the main objects are the vacuum mean (expectation) values of the fields and from these are 
reconstructed the Hilbert space of states and the acting on it fields. Regardless of these facts, the Lagrangian 
(canonical) quantum field theory is an inherent component of the most of the ways of presentation of quantum 
field theory adopted explicitly or implicitly in books like [1-9]. Besides, the Lagrangian approach is a source 
of many ideas for other directions of research, like the axiomatic quantum field theory [3,8,9]. 

2 The Lorenz condition and gauge (see below equation <3.6bl 1 are named in honor of the Danish theoretical 
physicist Ludwig Valentin Lorenz (1829-1891), who has first published it in 1867 [10] (see also [11, pp. 268- 
269, 291]); however this condition was first introduced in lectures by Bernhard G. W. Riemann in 1861 as 
pointed in [11, p. 291]. It should be noted that the Lorenz condition/gauge is quite often erroneously referred 
to as the Lorenfz condition/ gauge after the name of the Dutch theoretical physicist Hendrik Antoon Lorentz 
(1853-1928) as, e.g., in [3, p. 18] and in [12, p. 45]. 



of motion of quantum field theory. The description of free vector fields in this picture is 
presented in Sect. 03 

The structure of the solutions of the field equations is analyzed in Sect. ^ Decompo- 
sitions of these solutions, equivalent to the Fourier decompositions in Heisenberg picture, 
are established. A suitably normalized system of classical solutions of the field equations is 
constructed. The creation and annihilation operators for the fields considered are introduced 
in Sect. El on a base of the decompositions and system of classical solutions just mentioned. 
A physical interpretation of these operators is derived from the Heisenberg relations, which 
are external to the Lagrangian formalism. At this point, the first problem with the massless 
case, concerning the angular momentum operator, appears. In Sect. the operators of the 
dynamical variables of free vector fields (satisfying the Lorenz condition) are calculated in 
Heisenberg picture of motion in terms of creation and annihilation operators in momentum 
picture. Special attention is paid to the spin angular momentum operator and the above 
mentioned problem is analyzed further. 

In Sect. Q the field equations are equivalently rewritten in terms of creation and annihi- 
lation operators. As a consequence of them, the dynamical variables in momentum picture 
are found. It should be mentioned, in the massless case, the creation and annihilation op- 
erators corresponding to the degrees of freedom, 'parallel' to the 4-momentum variable, do 
not enter in the field equations. In Sect. |S1 the commutation relations for free vector fields 
satisfying the Lorenz conditions are derived. They also do not include the just-mentioned 
operators. The commutators between the components of spin angular momentum operator 
and between them and the charge operator are calculate on the base of the established com- 
mutation relations. It is pointed that these relations play a role of field equations under the 
hypotheses they are derived. To the normal ordering procedure and definition of vacuum is 
devoted Sect. Problems, regarding state vectors and physical interpretation of creation 
and annihilation operators in the Lagrangian formalism, are considered in Sect. ITU1 

Some peculiarities of the massless case are explored in Sect. ^3 It is pointed that, gener- 
ally, new suppositions are required for the treatment of creation and annihilation operators, 
connected with the degrees of freedom 'parallel' to the 4-momentum, which are the cause for 
the problems arising in the massless case. Two such hypotheses are analyzed. The obtained 
formalism is applied to a description of the electromagnetic field. In fact, it provides a new 
quantization of this field in which the Lorenz conditions is imposed directly on the field 
operators, which is completely different with respect to the one used in Gupta-Bleuler quan- 
tization. It is shown that for an electromagnetic field no problems arise, due to a suitable 
definition of the normal ordering procedure. The basic relation of quantum field theory of 
free electromagnetic field are written explicitly. 

Sect. El contain a discussion of some Lagrangians suitable for description of free vector 
fields satisfying the Lorenz condition. The basic consequences of these Lagrangians are 
pointed and compared. As a 'best' Lagrangian is pointed the one which is charge-symmetric 
and, hence, in which the spin-statistics theorem is encoded. It is proved that the quantum 
field theories, arising from the considered Lagrangians, became identical after the normal 
ordering procedure is applied. 

In Sect. El is analyzed the role of the Lorenz condition, when studying massless free 
vector fields. This is done by investigating a massless vector field with a Lagrangian equal 
to the one of a massive vector field with vanishing mass and without imposing the Lorenz 
condition as a subsidiary condition on the field operators. Sect. El closes the paper. 

The books [1-3] will be used as standard reference works on quantum field theory. Of 
course, this is more or less a random selection between the great number of (text)books and 
papers on the theme to which the reader is referred for more details or other points of view. 
For this end, e.g., [4,5,16] or the literature cited in [1-5,16] may be helpful. 



Throughout this paper h denotes the Planck's constant (divided by 2ir), c is the velocity of 
light in vacuum, and i stands for the imaginary unit. The superscripts f and T means respec- 
tively Hermitian conjugation and transposition of operators or matrices, the superscript * 
denotes complex conjugation, and the symbol o denotes compositions of mappings/operators. 

By 5f g , or 5 9 j- or 5^ 9 (:= 1 for f = g, := for / = g) is denoted the Kronecker 5-symbol, 
depending on arguments / and g, and 5 n (y), y 6 W 1 , stands for the n-dimensional Dirac 
(5-function; S(y) := 5 1 (y) for y G R. 

The Minkowski spacetime is denoted by M. The Greek indices run from to dim M — l = 
3. All Greek indices will be raised and lowered by means of the standard 4-dimensional 

Lorentz metric tensor rf" v and its inverse r/^ with signature (+ — ). The Latin indices 

a,b, . . . run from 1 to dim M — 1 = 3 and, usually, label the spacial components of some 
object. The Einstein's summation convention over indices repeated on different levels is 
assumed over the whole range of their values. 

At the end, a technical remark is in order. The derivatives with respect to operator-valued 
(non-commuting) arguments will be calculated according to the rules of the classical analysis 
of commuting variables, which is an everywhere silently accepted practice [1,15]. As it is 
demonstrated in [17], this is not quite correct but does not lead to incorrect results when 
free vector fields are concerned. 



2. The momentum picture 

In this section, we present a summary of the momentum picture in quantum field theory, 
introduce in [18] and developed in [19]. 

Let us consider a system of quantum fields, represented in Heisenberg picture of motion 
by field operators <Pi(x): T — ► J 7 , i = l,...,n £ N, acting on the system's Hilbert space 
T of states and depending on a point x in Minkowski spacetime M. Here and henceforth, 
all quantities in Heisenberg picture will be marked by a tilde (wave) "~" over their kernel 
symbols. Let denotes the system's (canonical) momentum vectorial operator, defined via 
the energy-momentum tensorial operator of the system, viz. 

V„:=- c j %^{x) d 3 cc 

x°=const 

Since this operator is Hermitian, V\x = V^, the operator 

W(x,zo) = ex P (i^(^-0^), (2-2) 

where xq € M is arbitrarily fixed and x € M, 3 is unitary, i.e. W(xq,x) := (U(x,xo)y = 
U~ L (x,xo) = (£Y(x,xo)) -1 and, via the formulae 

X ' ^ X(x) = U{x,x )(X) (2.3) 
A(x) i ^ A(x) = U(x,x ) o (A(x)) o U^ix^o), (2.4) 

realizes the transition to the momentum picture. Here X is a state vector in system's Hilbert 
space of states T and A{x) : T — > T is (observable or not) operator- valued function of x £ M 
which, in particular, can be polynomial or convergent power series in the field operators 

3 The notation xo, for a fixed point in M, should not be confused with the zeroth covariant coordinate 
77o M 2; M of x which, following the convention x v := t) v)l x ,i , is denoted by the same symbol xo- From the context, 
it will always be clear whether £o refers to a point in M or to the zeroth covariant coordinate of a point 
x € M. 



(2.1) 



<fi(x); respectively X{x) and A(x) are the corresponding quantities in momentum picture. 
In particular, the field operators transform as 

<Pi(x) i-> tpi(x) = U(x,x ) o (f>i(x) o U^ 1 (x,xq). (2.5) 

Notice, in 1)2 .2j) the multiplier (x^ 1 — Xq) is regarded as a real parameter (in which is 
linear). Generally, X(x) and A(x) depend also on the point xq and, to be quite correct, one 
should write X{x,xq) and A(x,xq) for X{x) and A(x), respectively. However, in the most 
situations in the present work, this dependence is not essential or, in fact, is not presented 
at all. For that reason, we shall not indicate it explicitly. 

As it was said above, we consider quantum field theories in which the components P^ 
of the momentum operator commute between themselves and satisfy the Heisenberg re- 
lations/equations with the field operators, i.e. we suppose that P^ and <fi(x) satisfy the 
relations: 

[Pp,Pvl = (2.6) 
[<Pi{x),V lt l = ihd fA <p i (x). (2.7) 

Here [A, B]± := A o B ± B o A, o being the composition of mappings sign, is the commu- 
tator /anticommutator of operators (or matrices) A and B. The momentum operator Vu 
commutes with the 'evolution' operator U(x,Xq) (see below 1)2.12(1 ) and its inverse, 

[P lt ,U(x,x o )]_ = [P^,U-\x,x o )l = 0, (2.8) 

due to (|2.6|) and (|2.2I) . So, the momentum operator remains unchanged in momentum picture, 
viz. we have (see JQJ and (|2~8|0 

P» = Pp. (2.9) 

Since from (|2~2j) and (|2~dT> follows 

' ^^Q^ = V » ° U( - X > Xo) U{X ^ Xo) = ' d ^' (2 - 10) 

we see that, due to (|2.3|) . a state vector X{x) in momentum picture is a solution of the 
initial- value problem 

i/i^|^ = V»(X{x)) X(x)\ x=X0 = X{x ) = X (2.11) 

which is a 4-dimensional analogue of a similar problem for the Schrodinger equation in 
quantum mechanics [20-22]. 

By virtue of (|2.2|) . or in view of the independence of of x, the solution of (|2.11|) is 

X(x) = U(x,x )(X(x )) = er^-*^(X(x )). (2.12) 

Thus, if X(xq) = X is an eigenvector of (= P^) with eigenvalues p^, 

P„(X(x ))=p»X(x ) (= Pfl X=V fl (X)), (2.13) 

we have the following explicit form of the state vectors 

X(x) =e^~<^(X(x )). (2.14) 

It should clearly be understood, this is the general form of all state vectors as they are eigen- 
vectors of all (commuting) observables [3, p. 59], in particular, of the momentum operator. 



In momentum picture, all of the field operators happen to be constant in spacetime, i.e. 



ipi(x) = U{x,x Q ) o ifi(x) o U 1 (x,x ) = <Pi(x ) = <pi(x ) =: <p(p)i- (2.15) 

Evidently, a similar result is valid for any (observable or not such) function of the field 
operators which is polynomial or convergent power series in them and/or their first partial 
derivatives. However, if A(x) is an arbitrary operator or depends on the field operators in a 
different way, then the corresponding to it operator A(x) according to (|2.4|) is, generally, not 
spacetime-constant and depends on the both points x and xo- As a rules, if A{x) = A(x, xq) 
is independent of x, we, usually, write A for A(x,xq), omitting all arguments. 

It should be noted, the Heisenberg relations (|2.7j) in momentum picture transform into the 
identities d^ipi = meaning that the field operators ipi in momentum picture are spacetime 
constant operators (see (|2.15|0 . So, in momentum picture, the Heisenberg relations (|2.7|) are 
incorporated in the constancy of the field operators. 

Let C be the system's Lagrangian (in Heisenberg picture). It is supposed to be polyno- 
mial or convergent power series in the field operators and their first partial derivatives, i.e. 
L = £.(ifi(x),d l/ ipi(x)) with d v denoting the partial derivative operator relative to the v th 
coordinate x u . In momentum picture it transforms into 

£ = £(tpi(x),y ju ) y jv = 7=[<Pj, V v ]_, (2.16) 

i.e. in momentum picture one has simply to replace the field operators in Heisenberg picture 
with their values at a fixed point xn and the partial derivatives d u <fj(x) in Heisenberg picture 
with the above-defined quantities yj u . The (constant) field operators (fi satisfy the following 
algebraic Euler- Lagrange equations in momentum picture: 41 



d£((pj,yi u ) 1 r dC(ipj,yi v ) 
dfi ihl y^ ' M 



= 0. (2.17) 



Since C is supposed to be polynomial or convergent power series in its arguments, the 
equations (|2.17j) are algebraic, not differential, ones. This result is a natural one in view 
of (t2~m 

Suppose a quantum system under consideration possesses a charge (e.g. electric one) and 
angular momentum, described by respectively the current operator ^7u{%) and (total) angular 
momentum tensorial density operator 

M%,{x) =-M$ lt (x) = x^f\ - x v f\ + S^{x) (2.18) 

with x v := rj u ^x^ and S^ v {x) = —S^Jx) being the spin angular momentum (density) 
operator. The (constant, time-independent) conserved quantities corresponding to them, the 
charge operator Q and total angular momentum operator M^y, respectively are 

Q:=- [ Jo(x)d 3 x (2.19) 



c 

x°=const 



Mau = CUx) + SUx), (2.20) 



4 In Ij2.17|l and similar expressions appearing further, the derivatives of functions of operators with re- 
spect to operator arguments are calculated in the same way as if the operators were ordinary (classical) 
fields/functions, only the order of the arguments should not be changed. This is a silently accepted prac- 
tice in the literature [2,3]. In the most cases such a procedure is harmless, but it leads to the problem of 
non-unique definitions of the quantum analogues of the classical conserved quantities, like the energy-momen- 
tum and charge operators. For some details on this range of problems in quantum field theory, see [17]; in 
particular, the loc. cit. contains an example of a Lagrangian whose field equations are not the Euler-Lagrangc 
equations 112.1711 obtained as just described. 



where 



C^(x):=- c J {x fl f° u (x)-x u f\(x)}d 3 x (2.21a) 

2i =const 

S^{x):=- c j S°„(x)d 3 x (2.21b) 



iE°=const 



are the orbital and spin, respectively, angular momentum operators (in Heisenberg picture). 
Notice, we write C^ u (x) and S^ u (x), but, as a result of (|2.21l) . these operators may depend 
only on the zeroth (time) coordinate of x £ M. When working in momentum picture, in 
view of (|2.4j) . the following representations turn to be useful: 

Vvl=Vv = \ j U- l (x,x )oT 0l ,oU(x,xo)d 3 x (2.22) 

x°=const 

Q = \ j W -1 (x,x ) ° Jo° U(x,x )d 3 x (2.23) 

a:°=const 

C lxv {x) = - c j U-\x,x )o{x^T u -x u T\}oU(x,x )d 3 x (2.24) 

x°=const 

S llv {x) = - c j U- 1 (x,x )o S° u oU(x,x Q )d 3 x. (2.25) 



x°=const 

These expressions will be employed essentially in the present paper. 

The conservation laws ^jjy = and d ^o" / = (or, equivalently, = and d\ M^ IU 



0), can be rewritten as 

d lx Q = Q d x M^ = (2.26) 

since (|2~lH - (l2~2ll imply d a Q = and d a = for a = 1, 2, 3. 

As a result of the skewsymmetry of the operators (|2.20|) and (|2.21j) in the subscripts 
\i and v, their spacial components form a (pseudo-)vectorial operators. If e abc , a,b,c = 
1,2,3, denotes the 3-dimensional Levi-Civita (totally) antisymmetric symbol, we put M := 
{M , M , M ) with M a := e abc M\,c an d similarly for the orbital and spin angular mo- 
mentum operators. Then (|2.20|) and the below written equation (|2.37|) imply 



M = L(x) + S(x) (2.27) 
M(x,x ) = L(x) + (x-x )x P+ S{x), (2.28) 

where x := (x 1 ,^ 2 ,^ 3 ) = — (xi,X2,xs), x denotes the Euclidean cross product, and P := 
(V 1 , V 2 , V 3 ) = -(Vi, V 2 , V 3 ). Obviously, the correction in RTM to M can be interpreted 
as a one due to an additional orbital angular momentum when the origin, with respect to 
which it is determined, is change from x to xq. 

The consideration of Q andM^ u as generators of constant phase transformations and 
4-rotations, respectively, leads to the following relations [1,2,16] 

G]_ = e( (2-29) 
[<Pi(x), M^ v ]_ = ih{x^d v (pi{x) -x v d^(pi(x) + I 3 ilw <Pj{x)}. (2.30) 



Here: qi = const is the charge of the i th field, qj = % if <pj = (p\, e(<pi) = if (p\ = (p. 
e( (pi) = ±1 if (p\ ^ ipi with e( (pi) + e( (p\) = 0, and the constants if = characterize 



the transformation properties of the field operators under 4-rotations. (If e(<fi) 7^ 0, it 
is a convention whether to put e(<pi) = +1 or e(<pi) = — 1 for a fixed i.) Besides, the 
operators ()2.19j) - (|2.21j) are Hermitian, 

& = Q, MU = M ^ t\ v = 4- $U = V, (2.31) 
and satisfy the relations 5 



[Q, V^}_ = (2.32) 
[M,*,, Vxl = -Mvx^v - VxuV^}- (2.33) 

Combining the last two equalities with ()2.2[) and (|2.6j) . we, after a simple algebraic calcula- 
tions, obtain 6 

[Q, U(x,x )]_ = (2.34) 
[Mfj, u , U(x,x )]_ = -{(x^ - x 0fM )P u - (x u - x 0v )V,j} o U(x,x ). (2.35) 

Consequently, in accord with (|2.4|) . in momentum picture the charge and angular momentum 
operators respectively are 

Q(x) = Q:= Q (2.36) 
M^v = U(x,x ) o Mr o U~ l {x,x ) = Mr + [U(x,x ), Mr}- U~ l (x,x ) 
= Mr + - x 0m ) V v - (x v - x 0u ) Vf, 

= C-r + (x^i - x Q ^) V v - (x u - x 0u ) + Sr = C^ u + S^, (2.37) 



where 



Cr( x ) '■= U(x,xq) o Cr(x) o U (x,x ) 
Sr(x) := U(x,x Q ) o S^ix) o U~ 1 (x,x ) 



(2.38) 



and l|2.9|) was taken into account. Notice, the correction to Mr on the r.h.s. of (|2.37|) is 
typical for the one of classical orbital angular momentum when the origin, with respect to 
which it is determined, is changed from x to xq. 7 

The author is completely aware of the fact that in the literature, for instance in [3, p. 77, eq. (2-87)] 
or in [4, eq. (2.187)], the relation l|2.33[l is written with an opposite sign, i.e. with +ih instead of —ih on its 
r.h.s. (In this case l|2,33|l is part of the commutation relations characterizing the Lie algebra of the Poincare 
group — see, e.g., [8, pp. 143-147] or [9, sect. 7.1].) However, such a choice of the sign in 12.3311 contradicts to 
the explicit form of "P M and £ M „ in terms of creation and annihilation operators (see sections and in the 
framework of Lagrangian formalism. For this reason and since the relation l|2.33|l is external to the Lagrangian 
formalism, we accept 12,331 as it is written below. In connection with 12.331 — see below equation 17.81 . 17.91 
and fTEty . 

To derive equation (12.3511 . notice that 12.331 implies [M^v, Vm o ■■■ o 'P lln \_ = — X/iLjA^w*. 

V 

r] vfli Vp) P M1 o ■ ■ • o P M ._j o P M . +1 o ■ • ■ o , due to [A, B o C]_ = [A, B]_ o C + B o [A, C]_, and expand the 
exponent in 112.211 into a power series. More generally, if [A(x), "P M ]_ = B^x) with [B M (x), V v ]_ = 0, then 
[A(s), U(x,xo)]_ — ;7-(a; M — ^o)-B M (x) o U(x,xo); in particular, [A(x), V^]_ = implies [A(x), U(x,xq)}_ = 0. 
Notice, we consider (x M — Xq) as a real parameter by which the corresponding operators are multiplied and 
which operators are supposed to be linear in it. 

7 In Section[7| it will be proved that, for massive free vector fields (and for massless free vector fields under 
some conditions), holds the equation 



[<V, Tx]_ = 0, 



(2.39) 



In momentum picture, by virtue of Q2.4JI . the relations (|2.29f) and (|2.30f) respectively read 

[<Pi,Ql = e(<Pi)q<Pi (2-43) 
[<Pi, M flu (x,x )]_ = x^ifi, V v ]_ - x v [(fi, V^. + iHIf^ipj. (2.44) 

The first of these equation is evident. To derive the second one, we notice that, by virtue of 
the Heisenberg relations/equations (|2.7|) . the equality (|2,3()j) is equivalent to 

Wi{x), M lxv \_ = x^[(f>i{x), P v ]_-x v [(pi{x), V^l + iHI^tpjix) (2.45) 

from where (|2.44|) follows. 

It should be emphasized, the Heisenberg relations (|2.29|) and (|2.30j) . as well as the com- 
mutation relations (|2.32|) and (|2.33|) . are external to the Lagrangian formalism. For this 
reason, one should be quite careful when applying them unless they are explicitly proved in 
the framework of Lagrangian scheme. 



3. Description of free vector field in momentum picture 

A vector field U is described by four operators U := U^(x), called its components, which 
transform as components of a 4-vector under Poincare transformations. The operators U 

are Hermitian, U = U , for a neutral field and non-Hermitian, hfi ^ U , for a charged one. 
Since the consideration of U , . . . , U 3 as independent scalar fields meets as an obstacle the 
non-positivity of the energy (see, e.g., [1, § 4.1] or [23, § 2a]), the Lagrangian of a free vector 
field is represented as a sum of the Lagrangians, corresponding to U , . . . , U 3 considered as 
independent scalar fields, and a 'correction' term(s) ensuring the energy positivity (and, in 
fact, defining hi as spin 1 quantum field). As pointed in the discussion in [1, § 4.1 and § 5.3], 
the Lagrangian of a free vector field (and, possibly, conditions additional to the Lagrangian 
formalism) can be chosen in different ways, which lead to identical theories, i.e. to coinciding 
field equations and dynamical variables. 8 

Between a number of possibilities for describing a massive vector field of mass m / 0, we 
choose the Lagrangian as [15] 

~ = m 2 c^ q ^ _ c 2 h 2 ^ -t q c 2 h 2 ~ Mt) q (a ( } 

\ + t{u) m i + r(uy " v! v ; i + r(uy * ' y ! v ; 

where the function r takes care of is the field neutral (Hermitian) or charged (non-Hermitian) 
according to 

~ fl for U = hi (Hermitian (neutral) field) 
t(U) := < _^ . (3.2) 

[0 for 7^ U (non-Hermitian (charged) field) 



which implies 

[<V, U(x,s o )l = 0. (2.40) 
Amongst other things, from here follow the equations 

<V = <V (2.41) 
Cfj. v = Cfiv + (a; M - xq^Vv - (x„ - x „)V^. (2.42) 



This may not be the case when interacting fields are considered. 



Since 



(a M w Mt ) o (d v u v ) - (0 M z#) o = ^{z? 4 o (d u u u ) - u\ o {pit)}, 



the theory arising from the Lagrangian (|3.1j) is equivalent to the one build from [4, 16] 



l + r(W) l + r(^) V ; l + r(W) 



. i (3-3) 
l + r(Z/) 2(l + r(W)) M 

where 

Tyv^dyfiv-dvUp (3.4) 

The first two terms in (|3.1j) (or in the first row in (|3.3j0 correspond to a sum of four indepen- 
dent Lagrangians for the components U , . . . , U 3 , considered as free scalar fields [1, 13, 15]. 
The remaining terms in ()3.1|) or (|3.3|) represent the afore-mentioned 'correction' which re- 
duces the independent components (degrees of freedom) of a vector field from 4 to 3 and 
ensures the positivity of the field's energy [1, 15, 16]. 

Before proceeding with the description in momentum picture, we notice that the Eu- 
ler-Lagrange equations for the Lagrangians (|3.1j) and (|3.3|) coincide and are 

= m 2 c 2 U^ + h 2 fi(Z^) - tfd^Ux) = m 2 c 2 U^ + h 2 d x F x » (3.5a) 

= m 2 c 2 u\ + h 2 U{U\) - h 2 df,(d X u[) = m 2 c 2 u\ + h 2 d x P x ^, (3.5b) 

where □ := d\d x is the D'Alembert operator (in Heisenberg picture). For m ^ 0, these 
equations, known as the Proca equations for and U , can be written equivalently as 

(m 2 c 2 + h 2 D)ti =0 {m 2 c 2 + h 2 U)U ] u = (3.6a) 



d M Z^ = d^iil = 0, (3.6b) 



due to d^d u J-^v = and and show that there is a bijective correspondence between 

U and *F (in the case m / 0) [23, § 2]. Therefore the field operators U and are 
solutions of the Klein- Gordon equations (|3.6a|) with mass m 0) and satisfy the condi- 
tions (|3.6b|) . known as the Lorenz conditions. We shall say that a vector field satisfies the 
Lorenz condition, if the equations (|3.6b|) hold for it. 

According to (|2.16j) . the Lagrangians (|3.1|) and (|3,3|) in momentum picture are 

C = 1 fr(U) ^ ° W + l + l{U) {[U ^ V » l ° [U "> V " ] - " ^ V » V ° W ' Vv] -} (3 - 7) 

£ = TT^u) ^ w " + IT7(z7) { ^ ° W ' v " 1 " r " ] - ° n - } 

m 2 c 4 t c 2 ^ t 

l + r(W) " 2(l+r(W)) ^ ' 

respectively, where 

Upix) := U(x,xq) o U^x) o W" 1 ^, x ) := U(x,xq) o wj,(x) o ^(x, x ) (3.9) 

r ( W ) . = I 1 for U l = U n (Hermitian (neutral) field) = ^ 
[0 for U\ ^ (non-Hermitian (charged) field) 

T^ix) = U(x,x ) o (^ u (x)) o U-\x,x ) = V v \. - [U„, Vp]_}. (3.11) 



Regarding U and as independent variables, from (|3.7|) . we get 8 



d £ d C 24-.+ 9 C 

— — m c 



(3.12) 



with 



hV ^ AJ - ^ A hV f* 

Therefore the field equations (|2.17|) now read 



mVW - [[U^ V x ]_, V A }_ + [[U v , V u ]_, V*\_ = (3.13a) 



m 



2 c 2 U\ - [[Ul Vx]_, V x ]_ + Wl V]_, V»]_ = (3.13b) 



or, using the notation 1)3. 4 j) . 

•Vw r yi[^yL = o mVwt -m[^,p A ]. = o. (3.w) 



m 



These are the systems of the Proca equations in momentum picture for a massive free spin 1 
(vector) fields. 

Since the equality d^d u = dyd^ (valid when applied on C 2 functions or operators) in 
momentum picture takes the form (see (|2.4|) ) 

ih m, VvV = [[■, Vvi, m, (3.i5) 

from (|3.14|) , (|3.15() and = — T Vil follow the equalities 

m 2 [U^ V]_ = m 3 [Ul,P' t ]_ = 0. (3.16) 

Consequently, in the massive case, i.e. m ^ 0, the system of Proca equations (|3.13j) splits 
into the system of Klein-Gordon equations in momentum picture [13] 

m 2 c 2 U^ - [[Z/„, V v ]_, V v \_ = m 2 c 2 U\ - \[U\, V„}_, V v \_ = (3.17) 

and the system of Lorenz conditions 

[W M ,-P"]_ = [Wt,^]. = (3.18) 

for the field operators and U^. This result is a momentum picture analogue of (|3,fi|) . From 
technical point of view, it is quite important as it allows a partial application of most of the 
results obtained for free scalar fields, satisfying (systems of) Klein-Gordon equation(s), to the 
case of massive vector fields. Evidently, for the solutions of ()3.17j) - (|3.18|) . the Lagrangian 1)3.7(1 
reduces to 10 

c - TT^U)< ' u " + i+7(I7)'"*' "J- ° [""• "1- <3 - 19) 

which equals to a sum of four Lagrangians corresponding to U , . . . , U 3 considered as free 
scalar fields. 



9 The derivatives in l|M.12|l are calculating according to the classical rules of commuting variables, which 
requires additional rules for ordering the operators in the expressions for dynamical variables; for details, 
see [17]. The Lagrangian l|3.8p has different derivatives, but leads to the same field equations and dynamical 
variables and, for this reason, will not be considered further in this work. 

10 The same result holds, up to a full divergence, for the Lagrangian H3.8I too. 



The above consideration show that the Lagrangian theory of massive free vector field 
can be constructed equivalently from the Lagrangian ()3.19j) under the additional condi- 
tions (|3.18|) . This procedure is realized in Heisenberg picture in [1]. 

Consider now the above theory in the massless case, i.e. for m = 0. It is easily seen, all of 
the above conclusions remain valid in the massless case too with one very important excep- 
tion. Namely, in it the equations (|3.16|) are identically valid and, consequently, in this case 
the massless Proca equations, i.e. 1)3.13)1 with m = 0, do not imply the Klein-Gordon equa- 
tions 1)3.17)) and the Lorenz conditions p.lBf) . 11 However, one can verify, e.g. in momentum 
representation in Heisenberg picture, that the Lorenz conditions 1)3.18)1 are compatible with 
the massless Proca equations 1)3.13)1 with m = 0; said differently, the system of Klein-Gordon 
equations 1)3.17)1 with m = and Lorenz conditions 1)3. 18|) . i.e. 

[[Up Pul, V v \_ = [[Ul P v ]_, V v \_ = (3.20) 
\U^ V»l = [Ul V»\_ = 0, (3.21) 

does not contain contradictions and possesses non-trivial solutions. Moreover, one can con- 
sider this system of equations as the one describing a free electromagnetic field in Lorenz 
gauge before second quantization, i.e. before imposing a suitable commutation relations be- 
tween the field's components. 

For these reasons, in the present investigation, with an exception of Sect. 1131 we shall 
consider a quantum field theory build according to the Lagrangian formalism arising from the 
Lagrangian 1)3.7)1 to which, in the massless case, are added the Lorenz conditions 1)3.18)1 as 
additional requirements. In other words, with an exception of Sect. 113) vector fields satisfying 
the Lorenz conditions will be explored in this work. 

A free vector field possesses energy-momentum, (possibly vanishing) charge, and angular 
momentum. The corresponding to them density operators, the energy-momentum tensor 
7^,, current density and (total) angular momentum density M* u , in Heisenberg picture 
for the Lagrangian 1)3.7)1 are as follows: 12 



1 + T(U) 

^ ~ {(d„u{) o {d v U X ) + {d v u{) o (d,M X )} - Vflv £ = 



(3.22) 



1 + t{U) 

J» = ^{ ^ ° U X - U M o Tftj = ihqc 2 {(d^u{) o U X - u{ o (d^U X )} (3.23) 
M%,= C^ + S^, (3.24) 



where the Lorenz conditions were taken into account, q is the charge of the field (of field's 
particles), and 



f-'nv '■— v x u T ^ (3.25) 

s x u ■= YV^Q)^ PX ° (J ^ } + ( *^ } ° 



-J^u d *u\) o u v - (d'ul) °u,-u\o &u v ) + u\ o (d x Uj 



(3.26) 



11 As it is well know [1,2,16], in this important case a gauge symmetry arises, i.e. an invariance of the 
theory under the gauge transformations W M i— > + d^IC, K, being a C 2 operator, in Heisenberg picture or 
W M i — > W M + jji[K, Vfj] in momentum picture. 

1 As a consequence of l|8.18|l . the expressions l|3.22[l - HM.25^ are sums of the ones corresponding to W , . . . , W 3 
considered as free scalar fields [1, 15, 16]. For a rigorous derivation of l|3.22^ - l|3.26^ . see the general rules 
described in [17]. 



with the numbers 



Ipi-iu ~Iptiv ~ bpTlvp dvVpp (3.27) 

being characteristics of a vector field under 4-rotations [3, eq. (0-43)]. It should be noticed, 
since the energy- momentum operator (|3.2'2|) is symmetric, 7^, = 7^, the spin and orbital 
angular momentum density operators satisfy the continuity equations 

8 X S X U = d x C x v = (3.28) 

and, consequently, the spin and orbital angular momentum operators of a free vector field 
are conserved ones, i.e. 

^, = is^=0. (3.29) 

According to Q2.4JI , (|3.9() , (|3.12|) , and (|3.18|) , the densities of the dynamical characteristics 
of a free vector field in momentum picture are: 



c 2 



VpuC 



■{m 2 c 2 u{ o U x + [Ul Vx}_ o [W, V x ]_} 



(3.30) 



1+t(W) 

J„ = qc 2 {[U[, Ppl oU x -U[o [U x , Vpl} (3.31) 
£pv = x p. T v~ x vT n (3.32) 

\hr 2 

s x p» = -TTWT) {[U ^ vX] - ° u " " [ul vX] - ° w " " u » ° [u »' vX] - + u » ° [u *> vX] - ] - 

(3.33) 

Comparing (|3,30|) and (|3.31|) with the corresponding expressions for U , . . . , U 3 , consid- 
ered as free scalar fields [13], we see that the terms originating from 14 1 , IA 2 and U 3 enter 
in (|3.30j) and (|3.31|) with right signs if U 1 , U 2 and U 3 were free scalar fields. But the terms, 
in which U enters, are with signs opposite to the ones if U was a free scalar field. In 
particular, this means that the contribution of U in the field's energy is negative. All this 
points to the known fact that U is a carrier of an unphysical degree of freedom, which must 
be eliminated (via the Lorenz conditions (|3.18|) ). The second new moment, with respect to 
the scalar field case, is the existence of a, generally, non-vanishing spin angular momentum 
density operator ()3.33j) to which a special attention will be paid (see Sect. El- 

Since li are solutions of the Klein-Gordon equations (|3.17j> . the operator ^[[-, V\]_, V x ]_ 
has a meaning of a square-of-mass operator of the vector field under consideration. At the 
same time, the operator \ V\ o V x has a meaning of square-of-mass operator of the field's 
states (state vectors). 

We shall specify the relation (|2.43j) for a vector field by putting e(U ) = +1 and e(Wp = 
— 1. Therefore the relations Q2.43JI and (|2.44|) take the form 

[U^Ql = qU^ [Ul,Q]_ = -qUl (3.34) 

[U x , M^{x,xq)]_ = x^[U x , V v ]_ - x v [U x , Vpl. + iKU^x - U u Vp\) (3.35a) 
[U[, M^ix, x )]_ = x^u{, Vul - x u [u[, V^l + Wtfsiux ~ Utvux), (3.35b) 

where (|3.27|) was used. It is clear, the last terms in (|3.35|) are due to the spin angular 
momentum, while the other ones originate from the orbital angular momentum. 



4. Analysis of the field equations 

The analysis of the Dirac equations in [14] can mutatis mutandis be applied to the case of 
vector fields satisfying the Lorenz condition. This can be done as follows 
At first, we distinguish the 'degenerate' solutions 

[U, P^_ = [U\V^]_ = Q form = (4.1) 

of the Klein-Gordon equations (|3.17[) . which solutions, in view of (|2,7j) . in Heisenberg picture 
read 

U^x) = W> ) = U„ (= const,,) U\{x) = u\{xo) = u\ (= constj ) for m = 0. (4.2) 

According to equations (|3.3Uj) - (|3.33|) . the energy- momentum, charge and angular mo- 
mentum density operators for the solutions (|4.1|) respectively are: 

V = J„ = C%, = S*, = M%, = (4.3) 
Since (jOJ) and (l2~22]) - (t2~231) imply 

^ = Q M = = = .AV = 0, (4.4) 

the solutions (|4.1jl (or (|4.2j) in Heisenberg picture) describe a massless vector field with 
vanishing dynamical characteristics. Such a field cannot lead to any predictable observable 
results and, in this sense is unphysical. 13 

The further analysis of the field equations will be done similarly to the one of free spinor 
fields in [14]. For the purpose, one should replace the Dirac equations with the Lorenz 
conditions (|3.18|) and take into account that now the field equations are (|3.17|) - (|3.18|l . not 
only (|3~T8l) . 14 

Taking into account the above facts, we can describe the structure of the solutions of the 
field equations (|3.17|) - (|3.18|) as follows. 

Proposition 4.1. The solutions of the equations (|3,17|) - (j3.18|) and (|2.7|) can be written as 
(do not sum over fi!) 

U » = j ^/^^Wl^^^^ (4.5a) 
K = j d M/i+(^)l = + ^^ (4-5b) 
or, equivalently as 

U^ = J d'k5(k 2 -m 2 c^)f,{k)U^k) Ul = J d*k6(k 2 -rn 2 c?)fl(k)Ul(k). (4.6) 

Here: k = (k°, k , k 2 , k 3 ) is a 4-vector with dimension of ' J^-momentum, k 2 = k^k^ = k^ — k 2 — 
k2~k 2 = k 2 — k 2 withkfj, being the components ofk and k := (k 1 , k 2 , k 3 ) = — (fci, A;2, /C3) being 

13 This case is similar to the one of free scalar fields describe in [13]. Note, the so-arising situation is 
completely different from a similar one, when free spinor Dirac fields are concerned as in it solutions, like Q4.1fl . 
are in principle observable — see [14]. 

14 It is interesting to be noted, the Dirac equation ih'y^d^ ip — map = 0, 7 M being the 7-matrices and ip a 
4-spinor, in the massless case, m = 0, takes the form of a Lorenz condition, viz. <9 M £T =0 with If = 7^. 



the 3- dimensional part of k, <5(-) is the (1- dimensional) Dirac delta function, the operators 
U (k), USk) ■ F — ► T are solutions of the equations 

[U^k), V v }_ = -KU^k) [Ul(k), V v }_ = -KU\(k) (4.7a) 

{^U^{k)}\ k2=m2c2 = {k»Ul(k)}\ k2=m2c2 = 0, (4.7b) 

fn,±(k) and fl ±(k) o,re complex-valued functions (resp. distributions (generalized functions)) 
of k for solutions different from (J4.1|) (resp. for the solutions (|4.1|) ), and and fji are com- 
plex-valued functions (resp. distribution) of k for solutions different from 1)4.1)) (resp. for the 
solutions 1)4.1)1 ). Besides, we have the relations f^{k)\ k _j s _ y j 2 2+fc 2 = 2y m 2 c 2 + k 2 f^±(k) 

and fji(k)\ k 2 2 +fc 2 = 2\/ m 2 c 2 + & 2 fj l ±(k) for solutions different from (|4.1j) . 

Remark 4.1. Evidently, in 1)4.5)1 and 1)4.6)1 enter only the solutions of 1)4. 7jl for which 

A; 2 := fc^Jf* = fc 2 - k 2 = m 2 c 2 . (4.8) 

This circumstance is a consequence of the fact that U the solutions of the Klein-Gordon 
equations 1)3. 17)1 . 

Remark 4.2. Obviously, to the solutions 1)4.1)1 corresponds l)4.7a)l with = 0. Hence 

W M (ar,0) = W^O) = const ^(ar.O) = W+(0) = const = = (4.9) 
with (see JZ31) 

U (x, k) := U^ 1 (x, xq) o U (k) o U(x, xq) WUx, fc) := U~ 1 {x, xq) o U^{k) o W(x, xo). 

(4.10) 

These solutions, in terms of 1)4. 5 jl or (|4.6j) . are described by m = and, for example, 

U,±( k ) = fl±( k ) = (I ± a)<^ 3 ( fc ) for some a G C or / M (fc) = such that / M (fc)lfco=±|fe| = 

(1 ± 2a)|fc|<5 (fc), respectively. (Here <5 3 (fc) := 5(A; 1 )5(A; 2 )5(fc 3 ) is the 3-dimensional Dirac 
delta-function. Note the equality 5{y 2 — b 2 ) = \{5{y + b) + <5(y — 6)) for b > 0.) 

Remark 4.3. Since := (U )^ , from 1)4.5)1 (resp. 1)4.6)) ) is clear that there should exist 

some connection between fn,±(k)li (k) and f^±{k)U^(k) with ko = +y m 2 c 2 + k 2 (resp. 

between f 'n(k)U (k) and fji(k) U^ (k)). A simple examination of 1)4.5)) (resp. 1)4.6)0 reveals 
that the Hermitian conjugation can either transform these expressions into each other or 
'change' the signs plus and minus in them according to: 

(fMWM k0= ±v^^y = -4^(-*)^(-*)L=wsw?- (411a) 



{U(k)U^k)y = fl(-k)Ul(-k) (4.12a) 
(fl(k)UUk)y = f(-k)UJ-k). (4.12b) 



From the below presented proof of proposition 14. II and the comments after it, it will be clear 
that ()4.11)) and ()4.12)) should be accepted. Notice, the above equations mean that Wt(fc) is 
not the Hermitian conjugate of U (k). 



Proof. The proposition was proved for the solutions (|4.1j) in remark fOl So, below we suppose 
that (k,m) ^ (0,0). 

The equivalence of (|4.5|) and (|4.6() follows from 5(y 2 — b 2 ) = \{o~{y + b) + 6(y — b)) for 
b > 0. 

bmce and are solutions of the Klein-Gordon equations (|3.17j) . the representa- 
tions (|4~5j) and the equalities (|4~TT1) and (|4~T2j) . with ^ M (£;) and £/*(£:) satisfying (|4~7aj) . 
follow from the proved in [13] similar proposition 4.1 describing the structure of the solutions 
of the Klein-Gordon equation in momentum picture. 15 

At the end, inserting (|4.5() or 1|4.6|) into (|3,18|) . we obtain the equations (|4.7b|) . due 
to (l4~7ajl . □ 

Prom the proof of proposition 14. 1( as well as from the one of [13, proposition 4.1] the next 
two conclusions can be made. On one hand, the conditions ()4.7a|) ensure that (|4.5|) and 1)4.6(1 
are solutions of (|2.7|) and the Klein-Gordon equations 1)3 .17(1 . while ()4.7b|) single out between 
them the ones satisfying the Lorenz conditions (|3,18|) , On other hand, since up to a phase 
factor and, possibly, normalization constant, the expressions /^(tyU^k) and fl(k) U^k) 

coincide with the Fourier images of respectively U ^(x) and U^^{x) in Heisenberg picture, we 
can write 

U IX = J 5{k 2 - m 2 c 2 )U^{k) d 4 k U^x) = J 8(k 2 - m 2 c 2 )U ^{k)e l ^~<^ d 4 fe (4.13) 

and similarly for (with (^(/c))^ = {— k)), where U (fe) are suitably normalized 
solutions of (|4.7|) . Therefore, up to normalization factor, the Fourier images of U^{x) and 
U' (x) are 

U^k) = ern^U^k) U^_{k) = ^< k ^{k) (4.14) 

where xq is a fixed point (see Sect. [2]). So, the momentum representation of free vector field 
(satisfying the Lorenz condition) in Heisenberg picture is an appropriately chosen operator 
base for the solutions of the equations (|3.17|) ~ (|3.18|) and (|2.7j) in momentum picture. This 
conclusion allows us freely to apply in momentum picture the existing results concerning that 
basis in Heisenberg picture. 

As anyone of the equations ()4.7b|) is a linear homogeneous equation with respect to U 
and , each of these equations has exactly three linearly independent solutions, which will 
be labeled by indices s,s',t, ... taking the values 1, 2 and 3, s,s',t = 1,2, 3. 16 Define 
the operator- valued vectors U^ s ^{k) and U^ ± ^(k) , where s = 1,2,3 and the index (±) 

indicates the sign of ko = ±\/ m 2 c 2 + k 2 in (|4.7b|) . as linearly independent solutions of the 
equations 

feJ, i , 9 7^ U^,,Jk) = fe a I, / , ; .M ^l.Jk) = 0. (4.15) 

As a consequence of l)4.7ajl : they also satisfy the relations 

[W; (±) (*0, Pul = -KK {±) {k) [«# ±) (*0, V»]_ = -k u U^ {±) {k). (4.16) 

Since any solution of the first (resp. second) equation in (|4.7b|) can be represented as a linear 
combination of y_)(fe) and U^^Jk), s = 1,2,3, we can rewrite Q4.5JI as (do not sum over 

One can prove the representations 14.51 . under the conditions 14.71 . by repeating mutatis mutandis the 
proof of [13, proposition 4.1]. From it the equalities l|4.11|l and l|4.12|l rigorously follow too. 

16 These indices, which will be referred as the polarization or spin indices, have nothing common with the 
spacial indices a, b, ■ ■ • = 1, 2, 3 labeling the spacial components of 4-vectors or tensors. 



*4=E / d3fc {/L + ( fc )<*,+w +/L-( fc )^L-( fc )}L 0=+ ^^, (4.17b) 

where f^ s ,±(^) and f^^^k) are some complex- valued (generalized) functions of k such that 
s (4 18) 

y^/L±(fc)WL±(*)|, / 2 2 ,2 = /u±( fc )^( fc )L / 2 2 ,2 - 

S 

In what follows, we shall need a system of classical, not operator-valued, suitably normal- 
ized solutions of the equations (|4.7b[) . which equations reflect the Lorenz conditions (|3,18|) . 
The idea of their introduction lies in the separation of the frame-independent properties of 
a free vector field from the particular representation of that field in a particular frame of 
reference. It will be realized below in Sect. [5J 

Consider the equation 

k \= + v^^ v ^ = ° (419) 

where v fJi (k) is a classical 4- vector field (over the fc-space). This is a single linear and 
homogeneous equation with respect to four functions v^(k), fi = 0,1,2,3. Therefore (|4.19j) 
admits three linearly independent solutions. Define v^(k), with s = 1,2,3 and fi = 0, 1,2,3, 
as linearly independent solutions of 

satisfying the conditions 



v^k)v^'(k) = -5 SS '(1 - 5 0m 5 s3 ) = -6 SS ' x\] u [° r m * ° (4.21) 

| J1S _|_ fiZS £ Qr m _ Q 



where v^' s (k) := ^"^(fc). In more details, the relations (|4.21|) read 

v^{k)v^ s '{k) = -5 SS ' for m + (4.22a) 

= H"' *M*M = t-r' *..' = i.» (4 . m) 

\ ^ J v Jj\ m=0 | Q if ( s , s ') = (3,3) [0 otherwise V ; 

The reader may verify by a direct calculation, an explicit solution of (|4.2U|) - H4.21j) . for k ^ 0, 
is provided by 

vl(k) = el(k) v 2 a (k) = e 2 a {k) 

a{ ' Vtf^m^ + kHoJ Vt? form = ( 4 .23) 



J A.. .... ( k 2 \i/2 



v s (k) = Yk a v s Jk) = (— 3 ) 5 



3* 



where the vectors e\(k) and e 2 (k) are such that 

e s (k) ■ e s '(k) = ^ e s a (k)ei(k) = 5 SS ' e s (k) • v 3 (k) = £ e s a (k)v 3 a (k) = for s, s' = 1, 2, 

a a 

(4.24) 

i.e. the 3- vectors v 1 (k), v 2 (k) and v 3 (k) form an orthogonal (orthonormal for m = 0) basis 
in the M 3 fc-space with v 3 (k) being proportional to (having the direction of) k. Here 5o m := 
for m/0 and 5o m := 1 for m = 0. If fc = 0, one can put 

ug(0)=0 ui(0) = ei(0) ^ (0) = e 2 (0) 

*o) = -d - wE'-eseww - (:^ (0)e?(0) ! or m * ° (425) 

* — ' 1 for m = 



6c 



with e*(0) and e 2 (0) satisfying l)4.24j) with = 0; in particular, one can put e*(0) = —5* 
and el(0) = 

The solutions (j4,23|) and (|4.25[) of (|4.20j) - (j4.21[) satisfy the following relations for sum- 
mation with respect to the polarization index (ko = y m 2 c 2 + k 



2\ 



1 + (5 0m for /x = z/ = 

1 - <W for /x = i/ = 1, 2, 3 (4.26a) 

1 otherwise 



X>m(°K(°) 



s=l 



tf^j, if m ^ and /x, i/ = 1, 2, 3 or if m = and fi, v = 1, 2 
otherwise 

(4.26b) 

£t£(*K(k) = (^ for/i ' Zy = 1 ' 2 . (4.27) 
otherwise 

s=i,2 y. 

These equations are simple corollaries of (|4.14jl - (|4.25j) in a 3-frame specified by the unit 
vectors defined by v^(k), s = 1,2,3. If we introduce the vectors := (1,0,0,0) and 
y ■= (0, = fcM ~ (fa?) ^ with (krj) := k u if and fc^L-n := (0,0,0,1), then the covariant 



y/(kri)~k 2 

form of (fl~Tf|) is 

X] v »( k ) v l( k ) = -Vixu + ritfv - k p k v , (4.28) 

s=l,2 

which, for m = 0, coincides with [15, eq. (14.53)], where u*(fc)| m =o with s = 1,2 is denoted 
by e^(k, s), but it is supposed that £o(k, s) := and the value s = 3 is excluded by definition. 
Notice, the last multiplier in (|4.26a|) can be written in a covariant form as (1 +?/^£om)- The 
easiest way for proving these equalities for /x, v = 1, 2, 3 is in a frame in which k 1 = k 2 = 0. 
The rest of the equations are consequences of the ones with /j, u = 1, 2, 3, (|4.23|) and (|4.25j) . 



5. Frequency decompositions and 

creation and annihilation operators 

The frequency decompositions of a free vector field, satisfying the Lorenz condition, can be 
introduced similarly to the ones of a free scalar field [13], if (|4.5|) is used, or of a free spinor 

17 The expression for v^(k) in I4.23H is not denned for k — 0. Indeed, the limit of k a /Vk?, when k — > 0, 
depends on how k approaches to the zero vector 0; one can force k a /VJ? to tends to any real number by an 
appropriate choice of the limiting process k — > 0. For instance lim a _>o -^==5 = — Sl ^/ +S2 ^f if fc = a(l, /3, 0) for 

some /9 € R. 



field [14], if Q4.17JI is used, i.e. if the spin of the field is taken into account. Respectively, we 
put: 

U ± (k) . = iUA^U^k) iovk >0 wf± = {fl ± (±k)Ul{±k) forA;o>0 
1^0 for k < » ' [0 for A: < 

(5.1) 



u ± (k) . = If^A^U^^k) for k > 
^ 1o for fc < 



4 )S)± (±fc)^ s(±) (±A ; ) forfc >0 
for k < 



(5.2) 



where A: 2 = m 2 c 2 and s = 1, 2, 3. As a consequence of (|4.18[) . we have 

s=l s=l 

These operators satisfy the equations 

(WjCfc)) 1 = «t=F (fc) ( W t± (A;) )t = w =F (A;) (5.4) 

due to (jUTTJ). 

It will be convenient for the following the definitions (|5.1j) and (|5,2[) to be specified when 
k = + y / m 2 c 2 + k 2 > 0: 

s=l 

(5.5) 

Combining (|5~T]) - (jO|) . (jl3|) . (jl~7j) and (|4~T7j) . we get 

W„ = U; + U- U\ = U\ + + U\- (5.6) 

U t : =E/ d3fc ^t( fc ) = / d3fe ^( fc ) : =E/ d3fe ^J( fc ) = / d 3 fc^(fc) 

(5.7) 

[W±(fc), *>„]_ = Tk„\ kQ=v ^^U±(k) (5.8a) 
[Wt/W, P„]_ = TkA ko=V ^^Ui±(k). (5.8b) 

The equations ()4.7b|) are incorporated in the above equalities via (|5.2|l . ()5.3|) and (|4.17|) . 

The physical meaning of the above-introduced operators is a consequence of (|5.8|) and 
the equations 

[W±(fe), Q]_ = qU±(k) [Wt±(fe), Q]_ = -gWt±(fc) (5.9) 



[W±(fe), M^(x)]_ = {T(x»k v - ^)| fe0= V^^A + ih ( S >^ ~ ^^A)}W±(fe) (5.10a) 

(5.10b) 

which follow from ()3.34|l and (j3,35j) . Recall, these equations are external to the Lagrangian 
formalism, but, in general, they agree with the particle interpretation of the theory. There- 
fore the below-presented results, in particular the physical interpretation of the creation and 
annihilation operators, should be accepted with some reserve. However, after the establish- 
ment of the particle interpretation of the theory (see Sect I10|) , the results of this section will 
be confirmed. 

Let X p , X e and X m denote state vectors of a vector field with fixed respectively 4-mo- 
mentump^, (total) charge e and (total) angular momentum m IJjl ,(x), i.e. 

V^Xp) = p^X p 
Q(X e ) = eX e 

— T^IM/ix) X m . 

Combining these equations with (|5.6j) - (j5.10|) . we obtain 

V^(k){Xp)) = (p^±k l ,)U^(k)(Xp) k = Vm 2 c 2 + k 2 

v^u^ik^Xp)) = ( P p±k ll )Ml ± {k){x p ) k = vSh? 

Q(U ti (X e ))=(e-q)U fl (X e ) Q{U\{X e )) = (e + q)U\ (* e ) 
Q(U±(X e )) = {e-q)U±{X e ) Q(Wt±( X e )) = (e + q) X e ) 
Q{U±{k)(X e )) = {e-q)U±{k)(X e ) Q{U\±(k){ X e )) = (e + q)lt^){ *e) 

M^{x)(U±{k)(X m )) = {{m^ix) ± ( Xfl K - x v k^)\ ko= ^ m2c2+k2 )5 a x 

-ih(5- VuX -d^x)}U^(k)(X m ) 
AVO c )( W A ± ( fe )( ;t '™)) = {(m^(x) ± {x^k u - x„k^\ ko= ^ m2c2+k2 )5l 

-i^^ A -5> MA )}^t± (fc)( ^ m) . 

The equations (|5.12j) (resp. (|5.13j) ) show that the eigenvectors of the momentum (resp. 
charge) operator are mapped into such vectors by the operators U^(k) and U^{k) (resp. 
U^, U^, U^(k), U^, : , and Uj J ± (k)). However, by virtue of the equalities (|5.14|) . no one 
of the operators U^, U^, U^(k), , , an d W (k) maps an eigenvector of the angular 
momentum operator into such a vector. The cause for this fact are the matrices lav := 
[$uVi>\ ~ $vVij.\\x a =o appearing in (|5.14|) . which generally are non-diagonal and, consequently 
mix the components of the vectors U^Xm), U^(X m ), U^(k)(X m ), U^(X m ), U^(X m ), 
and U^{k){X m ) in (EHl) . Since the matrices ±ihIp U have a dimension of angular momen- 
tum and, obviously, originate from the 'pure spin' properties of vector fields, we shall refer to 
them as spin-mixing angular momentum matrices or simply as spin-mixing matrices; by defi- 
nition, the spin-mixing matrix of the field IA and its Hermitian conjugate lA^ a is —\hl uv . More 
generally, if X is a state vector and M flu (x)(lA^(k)( X)) = {l /iu (x)5l + s^ u }lA^(k)(X) or 

Mfiv(x) (^a ± (^)( ^0) = {^( x )^\ + s Vi/}^CT ± (' c )( X) wnere Ifw an d *io> are some operators 
and s av := [s A/1 J| CT=0 and s^ uv := [s A ^J A(T=0 are matrices, not proportional to the unit ma- 
trix I4, with operator entries, then we shall say that the operators lA^{k) or lA^(k) have, 



(5.11a) 
(5.11b) 
(5.11c) 

(5.12a) 
(5.12b) 

(5.13a) 
(5.13b) 
(5.13c) 

(5.14a) 
(5.14b) 



respectively, spin-mixing (angular momentum) matrices s^ u and s^ u relative to the state vec- 
tor X; we shall abbreviate this by saying that the states U±{k)(X) and U^{k)(X) have 

spin- mixing matrices and sj^, respectively. 

The other additional terms in equations (15.141) are ±(x u k u — x v k u )\ r^r^ — ?H-4- They 

do not mix the components of U^(k)(X m ) and U j; fJ ± (k)( X m ). These terms may be associated 
with the orbital angular momentum of the state vectors U^(k)( X m ) and lA^(k)( X m ). 
Thus, from l|5.12|) - (|5.14|l . the following conclusions can be made: 

i. The operators U^(k) and U^(k) (respectively U~{k) and W~(k)) increase (respec- 
tively decrease) the state's 4-momentum by the quantity (y m 2 c 2 + k 2 , k). 

ii. The operators U , and U^{k) (respectively WL WJ 1 and U^(k)) decrease (re- 
spectively increase) the states' charge by q. 

hi. The operators U^(k) and ^ + (fc) (respectively U~{k) and (k)) increase (respec- 
tively decrease) the state's orbital angular momentum by (x^k u — x v k^)\ k _^/ m 2 e 2 +fc 2 - 

iv. The operators U^(k) and lv (fe) possess spin-mixing angular momentum matrices 
—\hl^ v relative to states with fixed total angular momentum. 

In this way, the operators U^(k) and Iv^ik) obtain an interpretation of creation and 
annihilation operators of particles (quanta) of a vector field, viz. 

(a) the operator U+(k) (respectively U~(k)) creates (respectively annihilates) a particle 

with 4-momentum (y m 2 c 2 + k 2 , k), charge (—q) (resp. (+q)), orbital angular momentum 
{x^k u — x v k^)\ k _^/ m 2 e 2 +fc 2 ' an d spin-mixing angular momentum matrix (—ihl^) and 

(b) the operator U^(k) (respectively tfi~ (k)) creates (respectively annihilates) a parti- 
cle with 4-momentum (y m 2 c 2 + k 2 , k), charge (+q) (resp. (—(/)), orbital angular momentum 
(x^k u — x l/ k fl )\ k _^/ m 2 e 2 +fc 2 ' anc ^ spin-mixing angular momentum matrix (—ihl^. 

Since ^{k) and U^,j\{k) are, by definition, arbitrary linearly independent solutions 

of (|4.15|) . the operators s (k) and Uj^(k) are linearly independent solutions of the operator 
equations (see (j5.1|) and (|5,6j0 

which, by virtue of (|5.3|) . imply 

/ 2 2^uM t(k) =0 W\ / i iTTa ^Cfc) =0- (5-16) 

lfc =Vm 2 c 2 +fc 2 M v ' lfc =Vm 2 c 2 +fc 2 A* v ' v ' 

The fact that the classical vector fields v^(k) are linearly independent solutions of the same 
equations (see (|4.2()jl ) gives us the possibility to separate the invariant, frame-independent, 
operator part of the field operators and the frame-dependent their properties by writing (do 
not sum over s!) 

U% s (k) := {2c(2nhfVm 2 c 2 +k 2 }- 1/2 af(k)v^(k) 
Ulf s (k) := {2c(27rh) 3 v / m 2 c 2 + k 2 }' 1 ^^^ (fe)«*(fe), 



which is equivalent to expend and as 



«J(fc) := {2c(27rhfVm 2 c 2 + k 2 }~ 1/2 Y,af(k)v s fl (k) 



U^{k) := {2c(2TrhfVm 2 c 2 + k 2 } 



8=1 

- 1/2 ^at±(fe)^(fe), 

8=1 



(5.18) 



where af(k), at (k) : T ^ T are some operators such that 



at=F(fc) ( a t ± (fc))t = aJ(fc), 



(5.19) 



due to (|5.4|) . The normalization constant {2c(27r/t) 3 \/ m 2 c 2 + fc 2 } 1 is introduced in 1)5.17}) 
and 1)5. 18|) for future convenience (see Sect. El). The operators af(k) and at + (k) (resp. a~(k) 
and aj~ (fe)) will be referred as the creation (resp. annihilation) operators (of the field). 
The physical meaning of the creation and annihilation operators is similar to the one of 
and Uj^. To demonstrate this, we insert (JS"T%|) into ()5. 12fl — f|5. 14f) and, using (|4.22f) . we 

get: 



P„(a±(fc)( X p j) = (p^ ± k^)af(k)( X p 
^(at ± (fc)(^ p )) = (p tt ±k li )al ± (k)(X p ) 
Q{af(k)(X e ))=(e-q)af(k)(X e ) 
Q{a\ ± {k){X e )) = {e + q)a\ ± {k)(X e 



I 1,2,3 form/0 
[1,2 form = 

1,2,3 form/0 
1, 2 for m = 



(5.20a) 
(5.20b) 



Mf iV (x){af(k)(X m )) = {m^ v {x) ± (a^&„ - x !/ A; At )}af (fe)( Af m ) 

3 

+ i^< iy (fc)a±(fc)(*m) 

t=i 

- A ^^(^)(4 ± ( fc )( ;t 'm)) = ± ( x v k " ~ x uk f j)}a\ ± (k){X rn ) 

3 

+ \hY,°%(k)a\ ± {k)(X m ) 



> s 



t=i 



t=i 



a>±(fc) = 



t=i 



(fc) = if m = 



1,2,3 form/0 
1 , 2 for m = 



where 



, x > s (k)i^ u vi(k) 



v x ' s (k)(5^-5^ x )vi(k) 



vUk)vi(k) - vl{k)vUk) = -a±{k) = -o*{k) 



(5.20c) 



(5.21) 



with s,t = 1,2, 3. 18 

As a consequence of 1)5.20)1 . the interpretation of af(k) and ai^(k) is almost the same 
as the one of U^(k) and lv (k), respectively, with an only change regarding the angular 
momentum in the massless case. Equations (}5.20)) do not say anything about the dynamical 

18 Notice, the last equations in l)5.2()c| . valid only in the massless case, impose, generally, 6 conditions on 
any one of the pairs of operators af(k) and aj(fe) and (k) and a^~(fc). However, one should not be worried 
about that as these conditions originate from the external to the Lagrangian formalism equations 12.4411 and, 
consequently, they may not hold in particular theory based on the Lagrangian formalism; see the paragraph 
containing equations 1)6.18)1 below. 



characteristics of the states a^{X m ) and a\ (X m ) for a vanishing mass. All this indicates 
possible problems with the degree of freedom arising from the value s = 3 of the polarization 
variable in the massless case. Indeed, as we shall see below in Sect. llH this is an 'unphysical' 
variable; this agrees with the known fact that a massless vector field possesses only two, not 
three, independent components. 



6. The dynamical variables in 

terms of creation and annihilation operators 

The Lagrangian Q3.7|) (under the Lorenz conditions (|3.18[) ). energy- momentum operator (|3.3U|) . 
current operator (|3.31|) . and orbital angular momentum operator (j3,32|) are sums of similar 
ones corresponding to the components U , U 2 and U 3 of a vector field, considered as 
independent free scalar fields (see [13]). Besides, the operators U^(k) and U^(k), defined 

via ()5.5|) . (|5.1|) and (|5.2|) . are up to the normalization constant {2c{2nh) 3 \J m 2 c 2 + fc 2 } 1 ^ 2 
equal to the creation/annihilation operators for U , U 1: ti 2 and (considered as inde- 
pendent scalar fields [13]). Consequently, we can automatically write the expressions for the 
momentum, charge and angular momentum operators in terms of U^(k) and lA^(k) by 
applying the results obtained in [13] for arbitrary free scalar fields. In this way, we get the 
following representations for the momentum operator Vu, charge operator Q and orbital 
angular momentum operator C^: 19 

= / M 2c < 2 ^)>l (fU) 

x {u\ + (k) o U x >-{k) + U\~{k) o ^ A '+(fe)}d 3 fc 
Q = -q J d 3 fe(2c(2i/i)Vm 2 c 2 + k 2 ) { u{ + {k) o U X '-{k) - U\~(k) o U X ' + (k)} (6.2) 

C^ = x ^P-x 0u V- 2 M+ T r u ^ J d 3 k(2c(2TThfVm 2 c 2 + k 2 ) 

< y < y 



x\^V(k)(k ll —-k u —)oU^-(k) 

h\\ 

fco = \/ m 2 c' 2 +k 2 



< y 



u 



A '"'V'"^ ""die" 

where 



< y 

AikfoJL. o B(k) := -(k^) o B(k) + (A(Jb) o k^) 

< ► 

= k^A(k)-^oB(k)) (6.4) 

for operators A{k) and B(k) having C 1 dependence on k (and common domains). 20 

19 The choice of the Lagrangian (|H.7p> corresponds to the Lagrangian C, and energy-momentum operator 
'T^u in [13]. So, the below-presented operators are consequences of the expressions for 'vf, 'Qf ,and 

in loc. cit. 

20 More generally, if to : {T — > J-} — > {J- —y J-} is a mapping on the operator space over the system's Hilbert 

space, we put Aui o B := ~lu(A) o B + A o uj(B) for any A,B: T — * T. Usually [2, 16], this notation is used 
for uj — df_i. 



Now we shall express these operators in terms of the creation and annihilation operators 
af(k) and aj ± (fc), introduced in Sect. El For the purpose, one should substitute (|5.18j) 
into H6.ljl - H6.3JI an d to take into account the normalization conditions H4.22J) for the vectors 
i>u(fc), s = 1,2,3. The result of this procedure reads: 

3— Son 



V »= l + T{U) E J k,\ ko=V ^I^{ai + (k)oa;(k) + ai-(k)oaf(k)}d 3 k (6.5) 

3— Som r- 

Q = ?E {al + {k)oa-{k)-a\-{k)oat{k)}^k (6.6) 

8=1 J 

= Y+HJA) E J d3 Hxo ^K-x uk^)\ ko= ^ m2c2+k2 {al + (k)oa~ {k)+a\- (k)oaf (k)} 

+ * E / d 3 fc/-'(fc){4 + (fe)oa;,(fc)-at-(fc)oa+(fc)} 
~ l ~ T \ ' s ,s'=l J 

„_,- < >■ < >■ 



^(*)(v^-^)°4«}l <«) 



fco=\/' m2c2 +' s2 



where 



:cfc) : = \v{(k)(k^ - k u ^L)v^\k) = -i%{ k ) = 

y-'(k) 

dv^ s '{k) dv x > s '(k) 



h j*m_ ^iv^ (6i 



with the restriction fco = V m 2 c 2 + fc 2 done after the differentiation (so that the derivatives 
with respect to &o vanish). The last two equalities in H6.8J) are consequences of (see H4.22J1 ) 

~i^^ S ik)+v^k)-^ = 0, (6.9) 

so that 



vi(k)k^v^(k) = -2k,^v^\k) = 2kMk)*^J&. (6.10) 

Since, v^(k) are real (see H4.19jl - H4.25Jl ). the definition H6.8J) implies 

(l S X(k)Y = l^(k) = -l^(k), (6.11) 

where the asterisk * denotes complex conjugation. So, l s ^{k) are real and, by virtue of H5.19I) . 
the sums of the first/second terms in the last integrand in H6.7J) are Hermitian. 

A peculiarity of H6.5|) - H6.7|) is the- presence in them of the Kronecker symbol <5o m , which 
equals to zero in the massive case, m/0, and to one in the massless case, m = 0. Thus, in 
the massless case, the modes with polarization s = 3 do not contribute to the momentum 



and charge operators, but they do contribute to the orbital angular momentum operator 
only via the numbers 1)6. 8J) in the second term in Qfi.7j) . Notice, in this way the arbitrariness 
in the definition Q4.2U|) — (|4.21|) of the vectors v^(k) enters in the orbital angular momentum 
operator. This is more or less an expected conclusion as the last operator is generally a 
frame-dependent object. 

Let us turn now our attention to the spin angular momentum operator Q2.25j) with density 
operator S^ u given by Q3.33j) . Substituting H5.fijl - Q5.7jl into (jHiSSI), we get the following 
representation of the spin angular momentum density operator: 

+ k \=^^M + ^ + ° (-"JM + (6.12) 

We shall calculate the spin angular momentum operator in Heisenberg picture by insert- 
ing Qfi.l2j) . with A = 0, into Q2.25|) . Then one should 'move' the operators and W to 
the right of U(x,xq) according to the relation 

<p £ (k)op £ '(k')o U(x,x ) = e-^-< )(£k » +£ ' k ^U(x,x )<p £ (k)ov £ \k') (6.13) 



where e,e' = +,-, k = \Jm 2 c 2 + k 2 , k' = yjm 2 c 2 + (k 1 ) 2 , ip £ (k) = U e (k),U e (k), and 
U(x,xo) being the operator Q2.2[) by means of which the transition from Heisenberg to mo- 
mentum picture is performed. This relation is valid for any (p £ (k) such that [(p £ (k), V v \_ = 
—k u (p £ (k) - see Q5.8j) and [13, eq. (6.4)]. At last, performing the integration over x, which 
results in the terms (2irh) 3 5 3 (k ± k'), and the trivial integration over k' by means of the 
5-functions 5 s (k ± k 1 ), we find: 

^ = ~ l + r(U) J d 3 k(2c(27rh) 3 Vm 2 c 2 + k 2 ){-Ul+(k) o U~{k) + U^'ik) o U + U (k) 

+ z4+(fc) o U~(k) - U\-{k) o U+(k)}. (6.14) 

To express S^ u via the creation and annihilation operators, we substitute Q5.18j) into Q6.14j) 
and get 

<V = 1+ t u) E / d 3 fc<( fc ){4 + (fe) o a;,(fe) - at-(fc) o a +(fc)}, (6.15) 
where the functions 

<#(fc) := «-(fc)«* (fc) - vt(k)vl(k) = -<(fc) = -a£(fc) = +a%(k) (6.16) 

were introduced earlier by Q5.21j) , 

Prom Q6.15j) . we observe that S^ u , generally, depends on the mode with polarization 
index s = 3 even in the massless case. Evidently, a necessary and sufficient condition for the 
independence of the spin angular momentum form this mode is 

£ / d 3 M(<(fc)4 + (fe))°a3(fc)-(^(fc)a^(fc))oa 3 + (fe) 

+ 4+(fc)o (a%(k)a-(k)) -aJ-(fc)o (a%(k)a+ (k))} = 0. (6.17) 



s=l,2 



In particular, (|6,17|) is fulfilled in the massless case if 



2 2 

5»±(fc) = J2*%at ± (k) = form = 0, (6.18) 

8=1 S=l 

which are exactly the conditions appearing in ()5.20c|) , 21 Thus, a strange situation arises: 
the massless modes with s = 3 do not contribute to the momentum and charge opera- 
tors, but they do contribute to the spin and orbital angular momentum operators unless 
additional conditions, like (|6,18|) . are valid. However, one can prove that (|6.18j) is either 
equivalent to af(k) = a/ s (k) = 0, if s = 1,2 and (k,m) ^ (0,0), or it is identically valid, 
if (k,m) = (0,0). 22 In view of (|6.5|) - (|6.8|) and 1)6.15(1 . this means that (|6.18j) may be valid 
only for free vector fields with vanishing momentum, charge and spin and angular momen- 
tum operators, which fields are completely unphysical as they cannot lead to any physically 
observable/predictable results. Thus, only for such unphysical massless free vector fields the 
Heisenberg relations 1)3.35)) (for the Lagrangian (|3.7jl ) may be valid. For these reasons, the 
relations 1)3.35)1 and 1)6.18)1 will not be considered further in the present work. 

However, the above conclusions do not exclude the validity of the more general than ()6.18)) 
equation 1)6,17)1 , We shall return on this problem in Sect. ITT1 

To get a concrete idea of the spin angular momentum operator ()6,15)) . we shall calculate 
the quantities ()6.16j) for particular choices of the vectors e^(fc) and e 2 (fc) in (|4.23j) - (|4.24|) . 

To begin with, we notice that, as a result of the antisymmetry of a^ u (k) in the superscripts 

and subscripts, only 3 ^ 3 2 ~ 1 ^ x 4 ^ 4 ~ 1 ^ = 18 of all of the 3 2 x 4 2 = 144 of these quantities 
are independent. As such we shall choose the ones with (s,t) = (1, 2), (2, 3), (3, 1) and 
(fx, v) = (0, 1), (0, 2), (0, 3), (1, 2), (2, 3), (3, 1). 
For k ^ 0, we choose a frame such that 

fc = (0,0,0,fc 3 )| fc 3 = ^> e\{k) = -5 1 a e 2 a (k) = -5 2 a . (6.19) 

Let A := ( m 2^+fc4 ) = v3 ' 3 ( k ) = - v l(k)- Tne results of a straightforward cal- 
culation, by means of ()6.16)1 . of the chosen independent quantities o- s ^ u (k) are presented in 
table l6~Tl Similar results for k = in a frame in which 

«5(0)=0 e l M = -5\ e 2 a (0) = -5 2 a v 3 a (0) = -5 3 a (l - 6 0m ) (6.20) 

are given in table l6~2l 

Consider now the so-called spin vector (s). Since S^y is antisymmetric in fi and u, S^ LU — 
— S U n, the spin angular momentum operator has 6 independent components, from which can 
be formed two 3-dimensional vectors, viz. 

1 3 1 

U a := S 0a S a := -e abc S bc = £ -e abc S bc (6.21) 

" b,c=l 

21 Recall, the equation 16.181 was derived in Section the base of the relations 13.351 . which are external 
to the Lagrangian formalism. 

22 Let k 7^ 0. Substituting 16.161 . with t = 3, into the first equation in 16.181 and, then, using 14.231 . we 
find 

(k a el(k) - k h e\{k))at{h) + (k a e 2 b (k) - k b e 2 a (k))af (k) = o, b = 1, 2, 3. (*) 
Multiplying this equality with e\(k) or e 2 (fc) and summing over a = 1,2,3, we, in view of l|4.24|l . get 
kbaf(k) = kbO^ik) = for any 6=1,2, 3. Therefore a^(fc) = a^(fe) = 0, as we supposed k 7^ 0. If k = 0, 
repeating the above method by using 14.251 for 14.231 . we get 

(1 - 5 0m ){(5 3 a el(0) - S 3 b el(0))af(0) + (^e 2 (0) - 5 b 3 e 2 (0))a±(0)} = (**) 

instead of Q. This equation is identically valid for m = 0, but for m / it, by virtue of l|4.24|l . implies 
Oi (fe) = 0^2 (k) = 0. The assertion for the operators a{ ± (fe) and a\ ± (k) can be proved similarly; alternatively, 
it follow from the just proved results and 15.191 . 



Table 6.1: The quantities jOg for k ^ in the basis gngjl. 



(l*>f) 

(M) J: > 


(0,1) (0,2) (0,3) 


(1,2) (2,3) (3,1) 


(1,2) 

l 2 ,3J 

(3,1) 




/ 2 

y m 2 c 2 +fc 

*^ A 

V m 2 c 2 +fc 


10 

n A n 
U A u 

A 


Table 6.2: The quantities lUTTol) for fc = in the basis KM 


fa,") 

(s,t) I ► 


(0,1) (0,2) (0,3) 


(1,2) (2,3) (3,1) 


(1,2) 
(2,3) 
(3,1) 







1 

o i - <W o 

l-5 0m 



where e abc is the 3-dimensional Levi-Civita's symbol (which equals to +1 (resp. -1) if (a, b, c) 
is an even (resp. odd) permutation of (1,2,3) and to zero otherwise). Denning the cross 
(vector) product of 3-vectors A and B in Cartesian coordinates by (A x B) a := e abc AbB c , 
where A^ = —A b are the covariant Cartesian components of A = (A 1 , A 2 , A 3 ), from Q6.14JI 
we find 

J d 3 k(2c(2irhVm 2 c 2 + k 2 ) 3 ){ - U ] Q + {k) o U~(k) + U\~ (fc) o U + {k) 

+ U ] + (k) o Z/q (fc) - U ] -{k) o W(f(fe)} 

(6.22) 

"'' f d 3 fc(2c(2Wm 2 c 2 + fc 2 ) 3 ){W t + (fc) x IT(fc) - Z/~(fc) x W + (fc)}, 

(6.23) 
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1 + t{U) 



1 + t{U) 



where W±(fc) := (^(fc), W 2>± (Jfe), W 3,± (fc)) := -(Wf (fc), Wf (fc), Wf(fc)), W f± (fc) : = 

.1. | J- | J- | O 

-(ZY^(fc), W^(fc), ^ (fc)), and x means a cross product combined with operator compo- 

o 

sition, e.g. {A x B) = A2 o B3 — A3 o B2 for operator- valued vectors A and B. 

To write the spin vectors Tt and S in terms of creation and annihilation operators, we 
notice that the vectors e s (fc) := — (ef (fc), e|(fc), e|(fc)), s = 1, 2, 3, with e 3 (k) := e 1 (fc) xe 2 (k) 
form an orthonormal basis of the M 3 fc-space, such that (see (|4.23|) - (|4.25|) and do not sum 
over s) 

v s (k) :=-(v s 1 (k),v s 2 (k),vm)=u S (k)e s (k) 

o . . „ m 2 c 2 + fc 2 , fl form/0 (6.24) 

u\k)=u 2 (k):=l u 3 (k) := u 3 (0) := { ^ 

f ra 2 c 2 + fc Oom I for m = 

Then, we have 

- ^(W) = ^y(*)^(*=)4(*) - ^(WW - «•<*))• 

"SWllw, = «oC=)»i(«=) - <S(*K(*0 = - , f, . <£(*) 

V m c + fc 



- , = f ^ 6ac s^4(fc) = + 9 fc ' 2 £a& c(^ s (fc) x v \k)r 

V m 2 c 2 + fc z v w. 2 c 2 + fc 



<(o) = 0, 



where (|Q5|) . (gUSJ), and the equality 

£abc£ e ^ c — ^a^h ^6^» were applied. Therefore, 

from (|6.21j) and 1)6. 15j) . we get 

K a = 1+ 1 ^ u f -bcJ d 3 kr\k){a^(k) x a-(k) - a)-(k) x a + {k)} c (6.25) 

S = ^j— I d 3 fc{a t+ (fc) x o-(fc) - a t- (Jfe) x a+(fc)}, (6.26) 

where the operator-valued vectors 

3 3 

a±(fc):=X;« a (fc)o±(fc) at^fc):^^)^) (6.27) 



s=l s=l 



were introduced, the index c in {• • • } c means the c component of {• • • }, and the function 



r\k) := < 



for (k,m) / (0,0) 



m 2 c 2 +fc 2 (6.28) 
for (fc,m) = (0,0) 



takes care of the above-obtained expressions for off a {k). 

In connection with the particle interpretation of the creation and annihilation operators, 
the component S 3 is of particular interest as, for k ^ 0, its integrand describes the spin 
projection on the direction of the 4- momentum k. From (|6.26|) . we obtain 

& = YT7(U)I d 3 fc{a t 1 + (fc)oa 2 (fc)-4 + (fe)oar(fc) 

-a\~{k) oa^(fc) +a\~(k) oaf(k)}, 

Since in ()6.29j) enter only 'mixed' products, like a{ ± (fc) o a^(fc), the states/ (anti) particles 
created/annihilated by af(k) and aj^fc) for s = 1,2 do not have definite projection on k 
(for k ^ 0). This situation can be improved by introducing operators bf(k) and bl^fe) such 
that [1, eq. (4.28)] 

In terms of the operators bjr(k) and fr^ (fc), the momentum ()6.5j) . charge (|6.6|) and third 
spin vector projection (|6.29|) operators take respectively the forms: 

3— <5or, 



^ = TT7o7) g /^l fc0 . v ^^{^ + (fe)o^(fe) + 4-(fc)o6+(fc)}d 3 fe (6.3i) 

3 — <5()m 

2 = ^E {bi + (k)obAk)-bi-(k)obf(k)}d 3 k (6.32) 

5 3 = l + h r(u) £ / (-l) s+1 {^ + (^) *7(*0 - &t"(*) (*)} d 3 fc- (6.33) 

From these formulae is clear that the states (particles) created/annihilated by b^(k) and 

6j =t (fc) have 4-momentum (\/ m 2 c 2 + fc 2 , fc), charge ±(7, and spin projection on the direction 

of movement equal to ±/i x (1 + t(U))~ 1 for s = 1,2 or equal to zero if s = 3. 23 

23 One can get rid of the factor (1 + t(U))~ 1 by rescaling the operators bf(k) and 6j ± (fe) by the factor 
(l + r(W)) 1 / 2 . 



We would like now to make a comparison with the expressions for the dynamical vari- 
ables in terms of the creation/annihilation operators af(k) and 5s (A; ) in (the momentum 
representation of) Heisenberg picture of motion [1-3,16]. As a consequence of (|4.14(l . the ana- 
logues of the creation/annihilation operators, defined in terms of the vector field frequency 
operators via (|5.1|) and (|5.2|) . are 

= ^ X ° k ^U k ) Ul%k) = e ± rn<^ul ± s (k) (k = Vm 2 c 2 + k 2 ) 
U^(k) = e ± TK x ° k »U±(k) U^{k) = e ± TK x o k ^Ul ± {k) (k = Vm 2 c 2 + k 2 ) 
in Heisenberg picture. Therefore, defining (cf. (j5.17j) ) 

U^ s {k) =: {2c(27rhfy / m 2 c 2 + k 2 }~ 1/2 af (fe)«'(fc) 
W^(fe) =: {2c(2vr? l )Vm2 c 2 + fc 2 }- 1 / 2 at ± (fc)^(fc), 
we get the creation/annihilation operators in Heisenberg picture as 



(6.34) 



(6.35) 



af(k) =e ± Tn x ° k »af{k) aj^fc) = e ± 5S a; o^ a t±( fc ) (fc = VmV + fc 2 ). (6.36) 
Evidently, these operators satisfy the equations 

(af(k)y = ~a^(k) (al±{k)? = aj{k), (6.37) 

due to 1)5. 19j) . and have all other properties of their momentum picture counterparts described 
in Sect. |SJ 

The connection (|2,4j) is not applicable to the creation/annihilation operators, as well as 
to operators in momentum representation (of momentum picture), i.e. to ones depending 
on the momentum variable k. In particular, the reader may verify, by using the results of 
sections 0] and the formulae 

af(k) =e T Th x ^U(x,x Q )oaf(k)oU- 1 (x,x ) 

a t±(fe) = e TTE X " k »U(x,X ) o flt±(fc) o U-\x,X ) 



k = Vm 2 c 2 + k 2 , (6.38) 



from which equations (|6.36|) follow for x = xq. (Notice, the right hand sides of the equa- 
tions ()6.38|) are independent of x, due to the Heisenberg relations l|2.7|) .) 

From (|6.5|) . ([fi.fij) . (|6.15j) and (|6.34j) - ()6.36|) . it is clear that all of the obtained expressions 
for the momentum, charge and spin angular momentum operators in terms of the (invariant) 
creation/annihilation operators remain unchanged in Heisenberg picture; to obtain a Heisen- 
berg version of these equations, one has formally to add a tilde over the creation/annihilation 
operators in momentum picture. However, this is not the case with the orbital operator (|6.7j) 
because of the presents of derivatives in the integrands in ()6.7|) , We leave to the reader to 
prove as exercise that, in terms of the operators (|6.36|) . in (|6.7|) the term xq^V u — xo u Vn, 
i.e. the first sum in it, should be deleted and tildes over the creation/annihilation operators 
must be added. Correspondingly, equation (|6.7|) will read 

4» = 1 J H (7A £ / d 8 *tf(*){at + (fc)oa^(fc)-ot-(fc)oo+(fc)} 



+ 2(1 +',(«)) T, J H"- + H k »W- K W)°~ a ^ 



7. The field equations in terms of creation and 
annihilation operators 

For a free vector field (satisfying the Lorenz condition), the equalities (|3.17jl . (|3.18jl . (|2.26f) 
and ([3.30)1 form a closed algebraic-functional system of equations for determination of the field 

operators IA and IA^. As these operators and the field's dynamical variables are expressible 
in terms of the creation and annihilation operators, it is clear that the mentioned system of 
equations can equivalently be represented in terms of creation and annihilation operators. 
The derivation of the so-arising system of equations and some its consequences are the main 
contents of this section. 

As a result of l|5.6j) . Q5.7|) and 1)5.17)) (or l|5.18|0 . we have the decompositions 

s=l J 
3 . 

= J2 d 3 fc{2c(27rn) 3 v / m 2 c 2 + k 2 y 1/2 {af(k) + a7(fc)}i£(fc) 

f (7-1) 
U\ = J2 [ d 3 fe(WtJ(fe) + Wt;(fc)) 

s=l J 
3 . 

= J2 d 3 k{2c(27rh) 3 Vm 2 c 2 + k 2 }~ 1/2 {al + {k) + a+ _ (Jb)}w* (fc). 

s=l J 

The definitions of the quantities entering in these equations ensure the fulfillment of the 
equations ()4.7bj) . Therefore the conditions (|4.7aj) . which are equivalent to 1)5. 8 jl . are the only 
restrictions on the operators af(k) and aj (fc). Inserting (|5.18|) into l)5.8[) . multiplying the 
result by v^' s (k), summing over fj,, and applying the normalization conditions (|4.22j) . we 
obtain: 

3 — <5()m. r- 

[af(k), V»\_ = T^af(k) q^af(k)5 st 5 3 (k - q) d 3 q (7.2a) 

t=x J 

3— Sum r- 

[at+ik), Ppl = T^4±(fc) = T E / ^I^*)^^ " 9)d 3 Q (7.2b) 

t=i J 

I 1,2,3 for m ^ / — — —z , — 5-5 r 

s = < kn = V m 2 tr + fc on = y m z c z + q z . (7.2c) 

(1,2 form = 

Substituting in (|7.2j) the equation (|6.5j) . with integration variable q for k and summation 
index i for s, we get (do not sum over s!) 

3 — <5()m ,> 

E / ^! 9()= ^^2^{[^(fc),al + (g)°ar(g) + ar(9)°a+(Q)]_ (? g . 

± (1 + r(W))at(fc)^^ 3 (fe - q)} d 3 q = 

3— <5om /. 

S / ^| go= /^^{[4 ± ( fc )>4 + (q) oa r(q) + 4^(9) 

± (1 + r(^))at ± (fc)o st o 3 (fc - q)}d 3 q = 0. 



t=l 



1,2,3 form/0 
1, 2 for m = 



(7.3b) 
(7.3c) 



Consequently, the operators af(k) and aj =t (fc) must be solutions of 

[af(k),a\ + (q) o a^(q) + a\~{q) o a+(q)]_ ± (1 + r(^))a±(fc)^ 3 (fc - g) = /±(fc, q) 

(7.4a) 

[at±(fe), aj + (q) o a^q) + a* "(g) o a+(g)] ± (1 + r{U))a\ ± (k)5 st 5*{k - q) = q) 

(7.4b) 

fl,2,3 form/0 

M = < , f n » (7.4c) 

11,2 lor m = 

where f^(k,q) and fl^(k,q) are (generalized) functions such that 

3— 5om 3— c5o 



E J ^\ qo= ^^f5( k i<l)d 3 q = g y ^| (?o= ^ 5T? / s t t ± (fe,q)d 3 q = 0. 

(7.4d) 



t=l " t=l 



Since any solution of the field equations l(3.17)) - ((3.18)l can be written in the form ()7.1j) 
with a^(fe) and at ± (k) being solutions of ((7.4)1 or, equivalently, of 1)7.3)1 . the system of 
equations (|7.4|) or 1)7.3)1 is equivalent to the initial system of field equations, consisting of the 
Klein-Gordon equations (|3.17|) and the Lorenz conditions (|3.18|) . 24 In this sense, 1(7.4)1 or Q7.3JI 

is the system of field equations (of a vector field satisfying the Lorenz condition) in terms 
of creation and annihilation operators in momentum picture. If we neglect the polarization 
indices, this system of equations is identical with the one for an arbitrary free scalar field, 
obtained in [13]. The reader may also wish to compare (|7.4I) with a similar system of field 
equations for a free spinor field, found in [14]. 

It is important to be mentioned, in the massless case, m ^ 0, the field equations 1)7.4(1 
contain only the polarization modes with s = 1, 2 and, consequently, they do not impose any 
restrictions on the operators a^(k) and a\ ± (k). We shall comment on this phenomenon in 
Sect.im 

The commutators of the dynamical variables with the momentum operator can easily be 
found by means of the field equations (|7.4|) , Indeed, from (|6.5j) . ((6.6)1 . and ((6.15(1 is evident 
that for the momentum, charge and spin operators these commutators are expressible as 
integrals whose integrands are linear combinations of the terms 

3— So m ,. 

B&(Q)~ E / d3kk X= r-^Aa\ ± (q)oa^q),a\ + {k)oa^{k)+a\-(k)oai{k)U 
t=l 

(7-5) 

where s, s' = { j^' 3 ] f ™!!q for the momentum and charge operators and s, s, = 1,2,3 for the 
spin angular momentum operator. Applying the identity [AoB, C]_ = [A, C]_oB + Ao [B, C]_, 
for operators A, B and C, and 1(7.3)1 (which is equivalent to 1)7.4)1 ). we get (do not sum over 
s and s'l) 

3— <5()r, 



t=l 



<J "lira /> 

B£F(g):=(l + T (Z0) / d3k k\ =V ^^(T6st±5 s , t )5*(k-q)a}±(q)oa*(q 

'qo = \/m 2 c 2 +q 



3— 8om 

l+r{U)) q \ )= ^ / -^^ Y, (TS s t±5 slt )at ± (q)oa^(q) 

t=i 



24 Recall, the Heisenberg relations 12.71 are incorporated in the constancy of the field operators and are 
reflected in I4.7al or H7.2aH . 



for s, s 1 = { ^2 >3 . Obviously, the summation over t in the last expression results in the 

multiplier ±5 SS db 5 SS > = =Fl ± 1 = 0, and hence 

„»=n, n „ , 1,2,3 ifm^O 

B^(q) = for ' ' ^ (7.6a) 

11,2 if m = 

Similarly, when m = and s or s' is equal to 3, we find 

B^(a)\ - ±(1 + r(U)W\ , x H ±(9) ° ^' {q) if * = 3 &nd *' = 1} 2 

^ {1)L =0 -±{1+T{U))<1 l 9 o=v^W X |_ a t± (q)o 4 (q) ifs = i,2and S ' = 3 

+ (l + r (W ))x([f W.^Lo«^) if S = 3and S ' = l,2 

V V " [4*^)0 [4(g), VI if s= 1,2 and s' = 3 V ' 

At last, the case s = s' = 3 is insignificant for us as the quantities (q) have a vanishing 
contribution in (|?H51) and (pTTf). due to crf§'(fc) = Z§§'(fc) = (see (l6~T?)|) and ([FTS^ . Now, it 
is trivial to be seen that (|6.5|) . (|6.6j) . (j6.15j) . and (|6.8|) . on one hand, and (|7.6|) . on another 
hand, imply the commutation relations 

[Vp,Vv]_ = (7.7) 
[2, P|t]_ = (7.8) 
[S llu ,Vxl = 5 0m s C x ^ (7.9) 
PaL = -iM^A M 7>„ - ^ P M } - <W L C* U (7.10) 

where 

^ := {1 + r iUW E / d 3 fc^(fc){i?3 A r(fc) - " ^V(fc) + ^ A 3 + (^)}L =0 

(7.11) 

and we have also used ()6.16j) . ()6.8j) and the equality 

3— (5om ,> 3— 5on 

/ ->3i_i 

vA lA:o=\/m 2 c 2 +fc 2 



— <5om <> 3— (5om (> 

E / d3 « E / d3fcfc > 



s=l " t=l 



x [at^iqh^g^i ° aj(q), 4 + ( k ) ° <k(k) + a\~ (fc) o a+(fc)]_ 

= ±2(l + r(W))^ E / d3tt 4 0=v ^^( fe ) oa ?( fe )' ( 7 - 12 ) 

which can be proved analogously to (|7.6a|) and which is responsible for the term proportional 
to ih in fZHOJ). 

As in Sect H3 the polarization along the 3-momentum, characterized by s = 3, is a 
cause for the appearance of 'abnormal' terms in (|7.9f) and (|7.1Uf) in the massless case, m = 
0. 25 Combining (|7.9f) . (|7.10f) and (|2.2(Jf) . we get the commutator between the total angular 

25 The reader may wish to compare 17.91 and 17.101 with similar relations for a free Dirac field in [14] or 
for a free scalar field in [13] (with S^v = in the last case). The mentioned abnormal terms destroy also the 
'ordinary' commutation relation between the total angular momentum M^ v = £ M „+ 5 MI/ and the momentum 
operator V\\ see equation 17.131 below and, e.g., [3,4,8,9]. 



momentum M.nv an d the momentum operator V\ as 

[M^, Vx]. = -ih{q Xll V v - rjxuV^} + 5 0m { S C X U - L C* U }, (7.13) 

in which the terms mentioned also change the 'ordinary' commutation relation in the massless 
case. We should also pay attention on the sign before the constant ih in (|7.13|) which sign 
agrees with a similar one in (j2.33j) and is opposite to the one, usually, accepted in the 
literature [3,4,8,9]. 

The expressions for the dynamical variables in momentum picture can be found from 
equations ()7.7|) - ()7.1U|) and the general rule (|2.4I) with U(x,xq) being the operator (|2.2j) . 
However, the spin and orbital angular momentum operators in momentum picture cannot be 
written, generally, in a closed form for m = 0, due to the presents of the terms proportional 
to 5o m in (|7.9j) and (|7.10j) . To simplify the situation, below it will be supposed that 

[ S C x ^,V^l = [ L C x u ,V^}_ = 0. (7.14) 

If required for some purpose, the reader may generalize, as an exercise, the following results 
on the base of (|2.2|) and (|2.4j) in a case if (|7.14|) do not hold. 
Since (JEEMDZB, (EH) and entail (see footnote H| 

[Q, U(x,x )]_ = (7.15) 
[Sfj, u , U(x,x )}_ = 5 0m — {x x - x 0X ) s C x u o U(x,x ) (7.16) 

[C^, U(x,x )]_ = -{(x M - x 0fl )V v - {x v - xq^V^} o U(x,xq) 

1 r \ (7-17) 

- S 0m — (x x - x ox ) C^o U(x,x ), 

by virtue of A(x) = A{x) — [A{x), U(x,xq)]_ o U^ 1 (x,xq) (see (|2.4j) V it follows that the 
charge, spin and orbital angular momentum operators in momentum picture respectively are: 

Q = Q (7.18) 
<V = <V - 5 0m ^_(x x - x ox ) S C X V . (7.19) 

C>\w = £ M v + (a^ - x 0jjl ) V v - (x u - x 0v ) Vfj, + (5 0m T^(xA - x ox ) L C X U . (7.20) 

Explicitly, by virtue of (|6.7ft . the orbital angular momentum operator is 

-y 3— OOra /• 

£nv = x + r (^) Ylj d3 H x ^ k u-x u k^\ ko= ^^j^{al + (k)o a -(k) 

+ 1-7777) E / d 3 fe/^'(fc){at + (fe)oa;,(fc)-at r (fc)oa+(fc)} 

„ c < >■ < >■ 



4-W(^^ - fc^) °ai(k)}\ , (7.2! 



fco=\/ m 2 c 2 +fc 2 

As we see again, these results differ in the massless case from the ones, expected from the 
outcome of [13,14], by terms depending on the operators af(k) and a\^(k) with polarization 
variable s = 3. 



8. The commutation relations 



Comparing the field equations (|7,4[) with similar ones for an arbitrary free scalar field, ob- 
tained in [13], we see that the only difference between them is that the creation and anni- 
hilation operators depend on the polarization indices in the vector field case, which indices 
are missing when scalar fields are concerned. It is a simple observation, a polarization vari- 
able, say s, is coupled always to a momentum variable, say k, and can be considered as its 
counterpart. This allows s and k to be treated on equal footing in order that one takes into 
account that k £ R 3 is a continuous variable, while s is a discrete one, taking the values 
s = 1,2,3 for a massive vector field and s = 1,2 for a massless vector field satisfying the 
Lorenz condition. Therefore the transformations 

k^(s,k) (Po(k) ■-»■ af(k) ^ ± (fe)^aj ± (fc) 
d 3 k^ Y / d3fc S 3 (k-q)^5 st 5 3 (k-q), 

^ s=l •* 

where <£>o(fc) and </>q (fe) are the creation/annihilation operators for a free scalar field, allow 
us to transfer automatically all results regarding the field equations of a free scalar field to 
free vector field (satisfying the Lorenz condition). The same conclusion is, evidently valid 
and with respect to results in which the momentum and charge operators are involved. 26 As 
a particular realization of these assertions, the commutation relations for a free vector field 
(satisfying the Lorenz condition) will be considered below; in other words, a second quanti- 
zation of such a field will be performed by their means. The reader can find a motivation for 
an introduction of these relations in books like [1-3, 16]. 

Before writing the commutation relations for a free vector field satisfying the Lorenz con- 
dition, we would like to state explicitly the additional to Lagrangian formalism conditions, 
imposed on the field operators, which reduce the field equations l|7.4|) to these relations. As 
a first conditions, it is supposed the (anti)commutators between all creation and/or annihi- 
lation operators to be c-numbers, i.e. to be proportional to the identity mapping id^ of the 
system's (field's) Hilbert space T of states. This hypothesis reduces the field equations (|7.4j) 
to a certain algebraic-functional system of equations which can be obtained from a similar 
one for a scalar field, derived in [13], by means of the rules (|8.1|) . As a second restriction, 
it is demanded the last system of equations to be an identity with respect to the creation 
and annihilation operators. A consequence of this restriction is that the (anti) commutators 
between creation and/or annihilation operators are uniquely defined as operators propor- 
tional to idjr. 27 At this stage of the theory's development it remains undetermined whether 
a vector field should be quantize via commutators or anticommutators; the Lagrangian (|3.7|) . 
we started off, is insensitive with respect to that choice. To be achieved a conformity with 
the experimental data, one should choose, as a third additional restriction, a quantization 
via commutators, not via anticommutators. 28 ' 29 



However, when the angular momentum operator is concerned, one should be quite careful as the 
changes l|8.1fl will produce l|6.7^ with missing the integral depending on I s " (k). Moreover, the rules l|8.1^ 
cannot be applied at all to results in which the spin is involved; e.g. they will produce identically vanishing 
spin angular momentum operator of free vector fields instead of the expression 16.15H . 

27 The mentioned system of equations does not give any information about the operators a*(0)| m= o and 
«4 ± (0)| m =o, which describe massless particles with vanishing 4- momentum and, possibly, non- vanishing charge 
and spin. By convention, we assume these operators to satisfy the same (anti)commutation relations as the 
creation/annihilation operators for (k,m) ^ (0,0). 

28 Equivalently, one may demand a charge symmetry of the theory, the validity of the spin-statistics theorem, 
etc. 

29 This condition can be incorporated in the Lagrangian formalism by a suitable choice of a Lagrangian. It 
follows from the Lagrangian l|M.7|l . we started off, if the field considered is neutral/Hermitian. For details, see 
Sect.lHl 



As a result of the described additional hypotheses, the field equations (|7,4|) reduce to the 
following system of commutation relations, which is obtainable from a similar one for a free 
scalar field, derived in [13], via the changes (|8.1[) : 



[af(k),at(q)]_ = [ot±(fe), a\ ±(9)]. = 

[af(k),at(q)]_ = ±r(U)5 st 5 3 (k - q)\djr [a^(k), a\ ± (q)]_ = ±r(U)5 st 5 3 (k - q)\d r 

[af(k),4 ± (q)l = [ai ± (k),at(q))_ = 

[afW.a^fa)]- = ±SstS 3 (k - q)\d r [at* (k) , af (q)}_ = ±5 st 5 3 (k - q)\d r (8.2) 

where, as it was said above, the values of the polarization indices depend on the mass 
parameter m according to 

f 1,2, 3 farm =>£0 . . 

s,t= I ' ' ^ , 8.3 

[1,2 form = 

the zero operator of J- is denoted by 0, and t(U) takes care of is the field neutral/Hermitian 
(U^ = U, t(U) = 1) or charged/non-Hermitian (Jj) ^ U, t(U) = 0) and ensures correct 
commutation relations in the Hermitian case, when aj =t (fc) = ajr(k). 

Let us emphasize once again, the commutation relations H8.2|) are equivalent to the field 
equations ()7.4j) and, consequently, to the initial system of equations ()3.17j) - (|3.18j) under 
the made hypotheses. If by some reason one or more of these additional to the Lagrangian 
formalism conditions is rejected, the trilinear system of equations ([7.4)1 . which is more general 
than ()8.2|) . should be considered. 

A feature of ()8.2j) is that, in the massless case, the operators af(k) and 03 (fc), i.e. the 
polarization modes with s = 3 (along the vector k), do not enter in it and hence, these oper- 
ators remain completely arbitrary. In that sense, these modes remain not 'second quantized', 
i.e. the Lagrangian formalism does not give any information about the (anti)commutation 
relations between themselves or between them and other creation and annihilation operators. 

As we have noted in [13], the concepts of a distribution (generalized function) and 
operator- valued distribution appear during the derivation of the commutation relations ()8.2|) . 
In particular, the canonical commutation relations (|8.2j) have a sense iff the commutators 
of the creation and/or annihilation operators are operator- valued distributions (proportional 
to idjp), which is not the case if the fields considered are described via ordinary operators 
acting on T . These facts point to inherent contradiction of quantum field theory if the field 
variables are considered as operators acting on a Hilbert space. The rigorous mathematical 
setting requires the fields variables to be regarded as operator-valued distributions. However, 
such a setting is out of the scope of the present work and the reader is referred to books 
like [8,9,24,25] for more details and realization of that program. In what follows, the distri- 
bution character of the quantum fields will be encoded in the Dirac's delta function, which 
will appear in relations like ([7,4)1 and (|8.2[) , 

As an application of the commutation relations ()8.2j) . we shall calculate the commutators 
between the components of the spin operator and between them and the charge operator. 
For the purpose, we shall apply the following commutation relations between quadratic com- 



binations of creation and/or annihilation operators: 

[at ± (fc) o ajCfcJ.a^Cp) o t$(p)]_ = {=F<W o^Cp) o a*(fc) ± 5^4* (fc) o 4(p)}<5 3 (fc - p) 

[at±(fc) o a5(fc),t^(p) o 4 ± (p)]_ = {=F^aJ(fc) o 4±(p) ± <Wa?(p) o at±(fc)}J 3 (fc - p) 

[af(k) o 4 T (fc),a±(p) o a\?(p)l = {=F<W(p) o a^(fe) ± <U4(*) o 4 T (p)}<5 3 (fc - p) 

[at±(fe) o aJ(fc),a f tT (p) o 4(p)}_=r(U){^5 st a^(k)oa^(p) ± (W^Cp) ^*)}^* - p) 

[4±(fe) o aj(fc),a t ± (p) o a|, T (p)].=r(^){T^a i ± (p)oaJ(fc) ± ^4 ± (fe)oaJ, T (p)}5 3 (fe - p) 

[a±(fc) o a\?{k), a?(p) o 4 ± (p)] _=t(W){tW/ (fe)o4 ± (p) ± ^^a^(p)oa±(fc)}«5 3 (fc - p), 

(8.4) 

where the polarization indices s, s', i, and t' take the values 1, 2 and 3 for m ^ and 
1 and 2 for m = 0. These equalities are simple corollaries of the identities [A, B o C]_ = 
[A, B]_oC + Bo [A, C}_ and [B o C, A]_ = [B,A]_oC + Bo [C, A]_, applied in this order to 
the left-hand-sides of (jOjl . and (jHHJ). 

Applying (JH3SJ), (f7~19|) and l(Oj> . we find: 

ft 2 



(l + r(ZY)) 2 

3 — <5{),n /. 

E / d 3 fe{(<r£(fc)a#(fe) - (4+(fe) o cTC*) - at (k) o a+(fe)) 



,t=l 



+ r(^)<(fc)^(fc)K(fc) o a+(fc) - a+(fe) o a^fe)) 
+ r(U)a%(k)aii(k)(at + (k)oat(k)-at-(k)o4 + (k))}+5 (8.5) 

where f^ v>< \{a^, a\ ) is a term whose integrand is a homogeneous expression in a^(fc) and 
4 (k) and which term is set equal to zero for m ^ 0. The summation over s' in (|8.5jl can 
be performed explicitly by means of (|fi.!6j) : 

3— <5()m 

E = ^(fe)^(*)^(*) - ( M <-!/)- (x <- A) (8.6) 

s'=l 

3 — l5om 

E - <a(*0<'(*0} = -W*Ka(*0 - (M - - (* - A), (8.7) 

s'=l 

where 

3— 5om 



(fc) := E 



is given via (|4.2fij) and (|4.27|) and the symbol — (fj.^v) means that we have to subtract the 
previous terms by making the change fj, <-»• u, i.e. an antisymmetrization over \x and v must 
be performed. 

Similar calculations, based on (|6.15|) and (|6.6[) . show that 30 

3 — <5on 



[S^ Ql = ^(U) f^Y d3k <( k ){ a s( k ) oa t(k)-af(k)oa^(k) 

+ at + (k) o a\-{k) - a\-{k) oa\ + {k)}+ 6 0m f^(af, 4*), 



This result can formally be obtained from US. 51 with — i(l + T{U))q5 at for a s J x (k). 



where favlfl^i a 3 ) is a term whose integrand is a homogeneous expression in a^(k) and 
a\^{k) and which term is set equal to zero for m 7^ 0. Hence, recalling that q = for a 
Hermitian field and t(W) = for a non-Hermitian one and, consequently, qr{U) = 0, we get 

C]. = ( 8 - 9 ) 
in Heisenberg picture. Therefore, we obtain 

[<V, G]. = W^(4.°3 ± ) ( 8 - 10 ) 

in momentum picture (see <|2.4(l ). In particular, we have 

[S flu ,Q]_ = if m / or if m = and af(fc) = 4 ± (fc) = 0; (8.11) 

so, for a massive vector field, the spin and charge operators commute. 
As other corollary of 1)8.2(1 . we shall establish the equations 



[U x , M^(x,x )}_ = x^[U x , Vvl-x„[U x , V^_ + ih{U^ vX - U^x) (8.12a) 
[U{, M^(x, x )}_ = Xfl [u{, P v \_ - X U [U{, Vy\_ + H^lVuX ~ U% x ), (8.12b) 

where m ^ 0, which are part of the conditions ensuring the relativistic covariance of the 
theory considered [15]. The condition m ^ is essential one. For m = 0, additional terms, 
depending on af(k) and al ± (fc), s = 1, 2, 3, should be added to the right hand sides of ([8.12)1 : 
these terms are connected with the gauge symmetry of the massless case — for some details 
about that situation for an electromagnetic field, see [15, § 8.4]. 
We shall prove the equalities 

r 3 

[U x , S, u (x,x )]_ =ih / d 3 p{^(p)^(p)(^+(p) + U-(p)) -(//<-> u)\ (8.13a) 
J t=i 

r 3 

[u x , c^(x, xo)]_ =x^[u x , Vul - x u [u x , -in d 3 P { (p Xfl + «aCpK(p)) 

J t=l 
x (U+(p) + U-(p)) -(p <-►!/)} form/0 (8.13b) 

and similar ones with for U x , from which the equations (|8.12|) immediately follow, due 
to 1)5.6)) . 1)5.7)1 and 1)3.24(1 . Here and below po := v m 2 c 2 + p 2 and the symbol —(//<-► i/) 
means that we have to subtract the previous terms by making the change /i <-» u , i.e. the 
previous expression has to be antisymmetrized relative to and v. 

Equation H8.13a|) is a simple corollary of ([7.1(1 . (|8.2() and 1)6.16(1 . To derive (|8.13b[) . we 
substitute (|7.1)1 and (|6.7jl in its l.h.s. and then, after an integration by parts of the terms 

proportional to 9a iJ^ and using 1)6.5(1 and 1)6.8(1 . we obtain 



[W A , C^{x,x )]_ = x^[U x , P v ]_-x u [U x , Ppl + ihY, [ d 3 p{2c(2vr/ l ) 3 v / ^ 2 c 2 +P 2 } 1/2 

s=l ^ 



Since from ()4.26a)l with m / 31 and (J4.19JI it follows 

1 3 

= -^^PxPfiVauV^ip) =-(rjx^ + ^2v{(p)v^(p)^v s u (p) for m ^ 0, 

the last equality implying (|8.13bj) . due to 1)5.17)1 and Q.E.D. 

As it was said above, the relations 1)8,12)1 are not valid for m = in the theory considered, 
unless some additional terms are taken into account. This fact is connected with the quan- 
tization method adopted in the present work for massless vector fields. Other such methods 
may restore the validity of 1)8.12)1 for m = 0; for example, such is the Gupta-Bleuler quantiza- 
tion of electromagnetic field [1,6], as it is proved in [6, § 19.1] (for interacting electromagnetic 
and spin ^ fields). 



An interesting result is that equation (|8.12|) . regardless of the condition m/0, implies 
the relation 

[Mxx, M^v], = -\h{r)^M\ v - rjXfiMyv - rj^Mxn + rjXpM^}. (8.14) 

To prove this, we notice that (|8.12|) . in momentum representation in Heisenberg picture, is 
equivalent to (see 1)6. 34|) ) 



[W±(fe), M^l = Vifa^L - ku-^) Uf{k) + ih(U±(k) Vv x - W±(fe)vO 



1.15) 



where ko = V m 2 c 2 + k 2 . Now, applying 1)6.3)) . 1)6.14)1 and the identity [A o B,C]_ = A 
[B, C]_ + [A, C}_ o B, one can prove, after a trivial but long calculations, that 



[S H x, M flu }_ = -ih^^Sxv - 'nXv.Sxv - "n^Sx^ + rjxvS^} 



.16) 



from where equation ()8.14)) follows in Heisenberg picture as Ai^ u = C^ v + S^ u . Notice, 
this derivation of 1)8.14)1 demonstrates that 1)8.14)1 is a consequence of the validity of 1)8.12)1 
regardless of the fulfillment of the commutation relations 1)8.2)1 . Similarly, equations 1)8.18)1 
imply 1)8, 19|) regardless of the validity of 1)8. 2)1 . 

By virtue of the identity [A, B o C}_ = [A, B]_ o C + B o [A, C]_, the relations 

[af(k),Q]_ = qaf(k) [«t±(fc), Q}_ = -qa^k) s = { J f gj^j (8.17) 

are trivial corollaries from 1)6.6)1 and the commutation relations 1)8.2)) . From here and 1)7.1)1 . 

we get 

[^ Ql = qU^ + <5 0m (- • • ) [Ul Q)_ = -qU\ + 5 0m (- ■ • ) t , (8.18) 

with (• • • ) and (■■■)+ denoting expressions which are linear and homogeneous in a 3 (fe) and 
ag (fc). So, the equations 1)3.34)1 are consequences of the Lagrangian formalism under consid- 
eration if m ^ or if m = and af(k) = a 3 (k) = 0. Moreover, the relations 1)8.171) entail 
the commutativity of bilinear functions/functionals of ajr(k) and aj =t (fc), s = { if^So> 
with the charge operator Q. In particular, we have (see 1)6.5)1 — 1)6.7)1 and ()6.15)l ): 

[V„Q]_ = [Q,Q]. = 

[S lxu ,Ql = S 0m (---) [C lu ,,Q]_ = 5 Qm ('--) [M„ v , Q]_ = 5 0m (---). 



31 This is the place where the supposition m / is essentially used and the proof brakes down if m = 0. 



So, if m 7^ or if m = and a 3 (k) = a' 3 (k) = 0, the spin, orbital and total angular momen- 
tum operators commute with the charge operator, as it is stated by ([8.11)1 : the momentum 
and charge operators always commute. 

9. Vacuum and normal ordering 

For a general motivation regarding the introduction of the concepts of vacuum and normal 
ordering, the reader is referred, e.g., to [1-3] (see also [13,14]). Below we shall concentrate 
on their formal aspects in an extend enough for the purposes of the present work. 

Definition 9.1. The vacuum of a free vector field IA (satisfying the Lorenz condition) is its 
physical state that contains no particles and has vanishing 4-momentum, (total) charge and 
(total) angular momentum. It is described by a state vector, denoted by Xq (in momentum 
picture) and called also the vacuum (of the field), such that: 



where (•[•): T X J- —* C is the (Hermitian) scalar product of system's (field's) Hilbert space 
of states and s = 1, 2, 3. 

It is known, this definition is in contradiction with the expressions for the dynamical vari- 
ables, obtained in Sect. [HI as the latter imply infinite, instead of vanishing, characteristics for 
the vacuum; see l)fi.5(l - ()fi.7(l . I)fi.l5() and (|8.2)1 . To overcome this problem, one should redefine 
the dynamical variables of a free vector field via the so-called normal ordering of operator 
products (compositions) of creation and/or annihilation operators. In short, this procedure, 
when applied to free vector fields (satisfying the Lorenz condition), says that [1-3,26]: 

(i) The Lagrangian and the field's dynamical variables, obtained from it and containing 
the field operators I A a nd W , should be written in terms of the creation and annihilation 
operators via 1)5.1(1 - 1)5. 7JI . 

(ii) Any composition (product) of creation and/or annihilation operators, possibly ap- 
pearing under some integral sign(s), must be changed so that all creation operators to stand 
to the left of all annihilation operators. 32 

The just described procedure is known as normal ordering (of products) and the result 
of its application on some operator is called its normal form; in particular, its application 
on a product of creation and/or annihilation operators is called their normal product. The 
mapping assigning to an operator its normal form, obtained from it according to the above 
procedure, will be denoted by M and it is called normal ordering operator and its action 
on a product of creation and/or annihilation operators is defined according to the rule (ii) 
given above. The action of M on polynomials or convergent power series of creation and/or 
annihilation operators is extended by linearity. Evidently, the order of the creation and/or 
annihilation operators in some expression does not influenced the result of the action of J\f 
on it. The dynamical variables after normal ordering are denoted by the same symbols as 
before it. 

It should be noticed, the normal ordering procedure, as introduced above, concerns all 
degrees of freedom, i.e. the ones involved in the field equations 1)7.4)1 and the operators 

32 The relative order of the creation/annihilation operators is insignificant as they commute according 
to llOl . 







(9.1b) 
(9.1c) 
(9.1d) 



a^(k)\ m= o and a3 ± (fc)| m= o, in the massless case. This simplifies temporary the considera- 
tion of massless vector fields, but does not remove the problems it contains - see Sect. 1111 
Moreover, in Sect. 1111 arguments will be presented that the afore-given definition of normal 
ordering agrees with the description of electromagnetic field and that the mentioned oper- 
ators should anticommute with the other ones. In principle, one can consider the normal 
ordering operation only for creation and annihilation operators involved in the field equa- 
tions (|7.4j) . i.e. by excluding its action on the operators af (fc)| m= o and a3 =t (fc)| m= o. This 
will add new problems with the spin and orbital angular momentum of the vacuum as it will 
be, possibly, finite, but completely undetermined. 
From the evident equalities 



Af{a;(k)oa\ + (k)) = Ar(a\ + (k)oa-(k))=4 + (k)oa-(k) 
M{at-(k)oat(k)) = M{at(k)oat~(k))=at(k)oat~(k) 



(9.2) 



and the equations (|6.5|) - H6.7|) . (|6. 15f) . and (|7.18j) - (|7.20j) . we see that the dynamical variables 
of a free vector field (satisfying the Lorenz condition) take the following form after normal 
ordering: 

3— <5o„ 



V »= l + T{U) E J ^l fc0= y^T7j{«l + ( fc )° a 7(fc) + 4(fc)oal-(fc)}d 3 fc (9.3) 

3— Sum r- 

Q = ?E {a\ + {k)oa-{k)-at{k)oa\-{k)}^k (9.4) 

8=1 J 

C-HV = X + r (^) E J d3fc ( X M^ ~ ^ fc M)l fco= ^/ m 2 c 2 +fc 2 { a l + ( fc ) ° a s( k ) + a f( k ) ° a l~( fc )l 

+ l + h T{U) E / ^l%{k){a\ + {k)oa- sl (k)-a+(k)oa\-{k)} 



=i • 

3— <5or? 



+ 2(i+^)) E7 d ^ + ^(^-^) OG ^ fc ) 

< > ■( > 

lS »" = 1 T7m S / ^iitk){al + (k)oa-,(k)-a+tk)oai-{k)} 



-5om^(x x -x x )N( s C^ x ), (9.6) 

where Af( L C flu \) and J\f( S C^ V \) can easily be found by means of (|9.2j) . (|7.11() and (|7.6|) . but 
we shall not need the explicit form of these operators. Similarly, the vectors of the spin (|6.25|) 
and (jfi.26j) take the following form after normal ordering (see also (J7.19)) ): 

Tl a = eabcj d 3 kr\k){a^ + (k) x a-(fe) +a+(k) x a^(k)} c 

-S Qm ^(x x -x x )M( s C ax) (9.7) 



J d 3 fc{a t + (fc) x a'(k) +a+(fc) x a t "(fc)} c - 5 0m S (9i 



1 + t(U) 

with 5 a := j^e abc (x x — Xq) Af( S Cbc\)- In particular, the third component of S is (cf. (|6. 291) 1 



J d 3 k{a\ + {k) o oj(fe) - 4 + (fe) o a^(fc) 



l + r(W)7 ' V ' " w 1 W (9.9) 

-aj(fe) oa{"(fc) +a^(fc) o4~(fc)}. 

The substitutions (j6.30[) transform the integrand in the last equality into a 'diagonal' form 
and preserves the ones into ()9.3|) and (|9.4j) . i.e. 

3— <5on 



1 " " um /■ 

^ = rT7(Zo E y^i fco=v ^^{&i + (fc)o6nfe)+^(fc)o6t-(fe)}d 3 fc (9.io) 

3 — <5()m „ 

2 = 9 E {bt + (k)obj(k)-af(k)obt-(k)}d 3 k (9.11) 

s=l ^ 

53 = 1 + rtU) E / + *7(*0 " 6j"(fc) o &!-(*)} d 3 fc. (9.12) 

Prom the just written expressions for the dynamical variables after normal ordering is 
evident that 

V^Xo) = Q( X ) = M^(X ) = C^(X ) = S^(X ) = (9.13) 

and, consequently, the conserved quantities of the vacuum, the 4-momentum, charge, spin 
and orbital angular momenta, vanish, as required by definition 19. II 

Besides the dynamical variables, the normal ordering changes the field equations (|7.4|) too. 
As the combinations quadratic in creation and annihilation, operators in the commutators 
in (|7.4|) come from the momentum operator (see ([7.2)1 ). the field equations (|7.4)1 after normal 
ordering, by virtue of (|9.3j) . read: 

[af (AO, a\ + (q) o a ~(g) + a+(q) o a\-(q)]_ ± (1 + r(W))a±(fc)«5 st 5 3 (fc - q) = f±(k,q) 

(9.14a) 

[4±(fe),a t t+ (q) o oT(g) + a+(q) o aj-(g)] ± (1 + r(W))4±(fc)<W 3 (fc - q) = /]±(fe, q), 

(9.14b) 

f 1,2, 3 form =>£0 . , . 

s.t = < (9.14c 
[1,2 form = 

3— &0m ,. 3 — 5om /. 

E J q,\ qo=V ^r^f± t (k,q)d 3 q = g ^ ^|^ = ^__ / t± (fc) g) d 3 g = Q 

(9.14d) 



i=l " t=l 



However, one can verify that (|9.14|) hold identically due to the commutation relations (|8.2|) , 
Once again, this demonstrates that ([8.2)1 play a role of field equations under the suppositions 
made for their derivation. 



As a result of (|9,6|) . (|7.19|) and ()8.4|) . we see that the commutation relations (|8,5|) after 
normal ordering transform into 



= (1 + r( ^))2 E 7 d%{<*(fe)<l(fe)-<(fe)^{(fe)}{at+(fe)oa t -(fe)+a+(fc)oal-(fe) 

- r(W)a+(fe) o a t -(fe) + r(W)a|+(fc) o a^(fc)} + WjL(4 . 4 ± )> (9-15) 

with ff^xxi ^' a 3 ± ) being a term whose integrand is a homogeneous expression in af(k) and 
03 ± (fe) and which term is set equal to zero for 

The commutation relations between the spin angular momentum operator and the charge 
one, expressed by l|8.9|l — l|8.11jl before normal ordering, take the following form after normal 
ordering 

[<V, GL = WifosSa^) ( 9 - 16 ) 
[S /JI/ ,Ql = S Qm f^{4,4 ± ) (9.17) 
[5^,0.1^ = 0. (9.18) 

These relations can be checked by means of (|9.6j) . (|9.4|) and (|8.4j) ; alternatively, they are 
corollaries of (|9.15|) with a s ^ x (k) replaced by — ^(1 + T(U))q5 st . 



10. State vectors and particle interpretation 

The description of the state vectors of a free vector field satisfying the Lorenz condition is 
practically identical with the one of a free spinor field, presented in [14]. To be obtained the 
former case from the latter one, the following four major changes should be made: (i) the 
polarization indices should run over the range 1, 2 and 3, if m / 0, or 1 and 2, if m = 0; 
(ii) the commutation relations (|8.2j) must replace the corresponding anticommutation ones 
for a free spinor field; (iii) the replacements cr^T b (k) ^ a%{k) and l$T(k) ^ l%{k) of the 
spin and orbital momentum coefficients should be made; (vi) the additional terms, depending 
on the polarization s = 3 should be taken into account, when the spin and orbital angular 
momentum operators of a massless field are considered. According to these changes, we 
present below a mutatis mutandis version of the corresponding considerations in [14] (see 
also [13]. 

In momentum picture, in accord with the general theory of Sect. El the state vectors of a 
vector field are spacetime-dependent, contrary to the field operators and dynamical variables 
constructed from them. In view of ([2.12ft . the spacetime-dependence of a state vector X(x) 
is 

X(x) = U{x,x ){X(x )) (10.1) 

where xq is an arbitrarily fixed spacetime point and the evolution operator U(x, xq) : T — > T 
is 

U(x,x ) =exp{i(x^-x{;)^ f k^\ ko= ^^{a\ + {k)oa~{k) + at{k)oo)-{k)}^k]. 

(10.2) 

due to (|2~2T> and (j?H|) (see also (J2H0J)— ^2H2!>) - The operator (fTTHj) plays also a role of an 
'S'-matrix' determining the transition amplitudes between any initial and final states, say 
Xi{xi) and Xf(xf) respectively. In fact, we have 

S fi (x f ,Xi) := (X f {x f )\Xi{xi)) = (Xfixf^Uix^Xf^Xiix^))). (10.3) 



For some purposes, the following expansion of U(xi,Xf) into a power series may turn to be 
useful: 

oo 

U(x i ,Xf) = idr + J2uW{x i ,x f ) (10.4) 

71=1 

-. 3— Som 

U^{x h x f ):=±{x?-xf)...{x^-xf) £ / d s fc«...d 3 *WA:g) -.*£) 

Sl,...,« n =l 

x {at+(feW)oa-(fe«)+a+(fe«)oat-(fc( 1 ))} 

o • • • o (at + (fcW) o a" + o+ (fcW) o of(* (B) )} (10-5) 

where = \J m?c 2 + (k^) 2 , a = 1, . . . , n. 

According to 1)2.14)1 and the considerations in Sect. El a state vector of a state containing 
n' particles and n" antiparticles, n',n" > 0, such that the i /th particle has 4-momentum 
p',, and polarization s',, and the z //th antiparticle has 4-momentum p'L and polarization s'L : 
where i! = 0, 1, . . . , n' and i" = 0, 1, . . . , n" , is given by the equality 

X(x;pi, s'i, . . . ;p n >, s n ,\Px, s'{; . . . ;p n >i, s n «) 

11 n ' 1 n " 

= Trw\ exp {^ - < ] 5>>" + YH^ ~ *o) E (^)m} 

i'=l i"=l 
x (a+ (pi)o-oa+ ( P ;,) o a t+(pi') o • • • o a \ + (p£„)) ( *o), (10-6) 

where, in view of the commutation relations 1)8.2)) . the order of the creation operators is 
inessential. If n 1 = (resp. n" = 0), the particle (resp. antiparticle) creation operators and 
the first (resp. second) sum in the exponent should be absent. In particular, the vacuum 
corresponds to (jlO.fi)) with n' = n" = 0. The state vector (jlO.6)) is an eigenvector of the 
momentum operator ()9.3j) with eigenvalue (4-momentum) Y^7'=lPi' + YH"=\P'l" an d is also 
an eigenvector of the charge operator 1)9.4)1 with eigenvalue {—q){n' — n"). 33 

The reader may verify, using 1)8.2)1 and 1)5.19)1 . that the transition amplitude between two 
states of a vector field, like ()10.6)) . is: 

i vi 1 +' ' +' " +" " +" ~\ 

\ A \U'-i Ql > z l ! • • • i In' i l ri i 9l > r l i • • • i ^n" > r n" I 

\ -y I II I I II II II II \\ 

I a, {x;pi, Si; . . . ;p m i, s m /;p 1 , s x ; . . . ;p m u, s m i/)) 
1 1 n ' 1 n " 

i'=l i"=l 

x S s < <5 3 (p^ - ^ )<5 S > * tfV»'-i - q'i, ) . . . 5 s[t// 5 3 (p[ - q£, ) 

' ■* n' 1 n'— 1 2 % . tv 

x E ^*'^ 3 (Pn»-4)^ / _ 1 *'^ 3 (P^-i-^)---^C SHPi-rt>„) (10-7) 

J- 77. X 2,- iii TL 

where the summations are over all permutations (i' 1; . . . , i' n ,) of (1, . . . , n') and . . . , i'^„) of 
(1, . . . , n"). The conclusions from this formula are similar to the ones concerning free scalar 
or spinor fields [13, 14]. For instance, the only non- forbidden transition from an n'-parti- 
cle + n"-antiparticle state is into n'-particle + n"-antiparticle state; the both states may 

33 Recall (see Sect.|5J, the operator af(k) creates a particle with 4-momentum fc M and charge —q, while 

a\ + (k) creates a particle with 4-momentum and charge +q, where, in the both cases, fco = V m 2 c 2 + k 2 . 
See also equations 110. 91 - 110.1211 below. 



differ only in the spacetime positions of the (anti)particles in them. This result is quite 
natural as we are dealing with free particles/fields. 

In particular, if X n denotes any state containing n particles and/or antiparticles, n = 
0, 1, ... , then (|1U.7JI says that 

(Xn\Xo) =S n o, (10.8) 

which expresses the stability of the vacuum. 

Consider the one (anti) particle states af(p)(Xo) and a t + (p)(Xo), with t = 1,2,3, if 
m ^ 0, or t = 1, 2, if m = 0. Applying (FT^- lEHTfl) and (jHHJ), we find (p := \/m 2 c 2 + p 2 ): 34 



V^a+(p)(X )) =p^at(p)(X ) Q(a+(p)(X )) = -<?a+(p)(* ) 
V,{al + (p)(X )) =p,at + (p)(X ) Q{at + (p)(X )) = +qa\ + (p){X Q 

3 — <W t 

S lxv {at(p){X Q ))=-m £ <T%(p)ai(p)(Xo)-8o m (---)(Xo) 



s=l 

3 — Sorr 



S, u {a\ + (p)(X )) = -ih v%(p)at + ( P )(X )-5 0m (---) 1 (X ) 

s=l 

S 3 {a+(p)(X )) = ih{5 t2 ai(p) - 6 tl at(p)}(X ) 
S 3 {al + (p)(X )) = ih{5 t2 a\ + (p) - 5 tl al + (p)}(X ) 

C flu (x)(at(p)(X )) = \{x^p v - x vVp ) - ih(p^— - p u —^}} (a+ (p)(X )) 



(10.9) 



;io.io) 



:io.n) 



' dp u dp^ 

3— <Wi 

i» E WK(p)(^))-m-)(^) 



^(^K (p)(*o)) ={( x ^-^M)- i/l (^^7-^^rj)( a I (p)(*b)) 



(10.12) 



3 — <5()n 



^ E C(p)(«I + (p)(^))-^ m (---)t(^o) 



8=1 



where qr{U) = was used and (• • • ) and (• • • )t denote expressions whose integrands are 
homogeneous with respect to af(p) and (^(p). It should be remarked the agreement 

of tnnfl - fnnz) with jsnni)- 35 

If one uses the operators bf(k) and ot ± (fc) instead of af(k) and a£ (fc) (see (J6.30JI ). the 
equations (|10.9|) and (|10.11j) will read (po := y/m 2 c 2 + p 2 ): 



V,{bt(p)(X ))= Pll bt(p)(X ) Q(b+(p)(X )) = -qbt{p)(X ) ) >i 

P M $ + (p)(Ai))=pA t+ (P)(*>) Q(&I + (p)(Ab))=+4 + (p)(* ) ( 
5 3 (6+(p)( * )) = ftfaitfCP) " fe^(p)}(*o) 



(10.14) 

S 3 {b\ + (p)(X )) = h{5 tl b\ + {p) - 5 t2 bl + (p)}(X ) 

We should emphasize, the equations (|10.9|) - (jl0.14j) do not concern the massless case, 
m = 0, with polarization t = 3, i.e. the (state?) vectors a^(p)\ m=Q (Xo) and <4 + (p)| m=0 ( ^o) 
have undetermined 4-momentum, charge, spin and orbital angular momentum. This is quite 



34 The easiest way to derive (110.121 is by applying 12.241 . 17.21 . 17.31 and H8.2H . Notice, in Heisen- 
berg picture and in terms of the Heisenberg creation/annihilation operators 16.36H . equations 110. 12H read 
Cfiv^af (p)( Xo)) = and £ M „ fa] + Xq)\ = which is quite understandable in view of the fact that £ M „ 
is, in a sense, the average orbital momentum with respect to all spacetime points, while C^ v (x,xo) is the one 
relative to x and xo; the dependence on xq being hidden in the C^ v , af(p) and a\ + (jp). 

35 If the r.h.s. of l|2.33^ is with an opposite sign, this agreement will be lost. 



understandable as the operators a^(p)| m _ Q and a^ 1 {p)\ in _Q do not enter in the field equa- 
tions 1)7.4(1 and, consequently, remain completely arbitrary. (For more details on this situa- 
tion, see Sect. fTTl ) 

On the formulae (|1U.9|) - (|1U.14[) is based the particle interpretation of quantum field theory 
(in Lagrangian formalism) of free vector field satisfying the Lorenz condition. According to 
them, the state vectors produced by the operators af(p) and bf(p) from the vacuum Xq 
can be interpreted as ones representing particles with 4-momentum (^/m 2 c 2 +p 2 ,p) and 
charge (—9); the spin and orbital angular momentum of these vectors is not definite. The 
states af(p)(Xo) do not have a definite projection of the vector of spin on the direction of 
movement, i.e. along p (for p / 0), but, if m 7^ 0, the one of bf(p)(Xo) is equal to (— l) s+1 h, 
if s = 1, 2, or to zero, if s = 3. Similarly, the state vectors a s + {p)( Xq) and b\ + {p){ Xq) should 
be interpreted as ones representing particles, called antiparticles (with respect to the ones 
created by af(p) and bf(p)), with the same characteristics but the charge, which for them 
is equal to (+q)- For this reason, the particles and antiparticles of a neutral (Hermitian), 
9 = 0, field coincide. 

Notice, the above interpretation of the creation and annihilation operators does not con- 
cern these operators for a massless field and polarization along the 3-momentum, i.e. for 
(m,s) = (0,3). Besides, in the massless case, the just said about the spin projection of the 
states bf(p)(X(j) and b\ + (p)(Xq)) is not valid unless the last terms, proportional to 6o m , 
in Q1U.1UJ) vanish. 

11. The massless case. 

Electromagnetic field in Lorenz gauge 

A simple overview of the preceding sections reveals that the zero-mass case, m = 0, is more 
or less an exception of the general considerations. The cause for this is that the Lorenz 
condition, expressed by (|3.18j) . is external to the Lagrangian formalism for a massless free 
vector field, contrary to the massive case, m^O. However, this condition does not contradict 
to the formalism and, as we demonstrated, it can be developed to a reasonable extend. 

Practically, the only problem in the massless case, we have met, is with the physical 
meaning/interpretation of the operators (fc)| m =o and a3 =t (fc)| m= o. 36 The first indications 
for it were the last two equations in ()5.2()c() (valid if m = 0), which were derived from 
the external to the Lagrangian formalism equation 1)2.44(1 and, hence, can be neglected if 
one follows rigorously the Lagrangian field theory; moreover, in Sect. El we proved that the 
equations ()6.18() imply af(k) = aj =t (/c) = for s = 1,2, which, in view of the further 
development of the theory, is unacceptable. The really serious problem with the operators 
af(k)\ m= Q and a^(k)\ m= o is that they have vanishing contribution to the momentum op- 
erator 1)6.5(1 and charge operator ()6.6(l . but they have, generally, non- vanishing one to the 
orbital and spin angular momentum operators ((6.7(1 and ()6.15() . respectively. 37 (See also 
the vectors of spin 1(6.25(1 and ((6.26(1 in which these operators enter via ((6.27(1 .) In connec- 
tion with the (possible) interpretation in terms of particles, this means thcLt tt3~(&)|rri=o 

and 

a 3 (^)|m=o describe creation/annihilation of neutral massless particles with vanishing 4-mo- 
mentum and charge, but, generally, non-zero spin and orbital angular momentum. Besides, 
the last two characteristics of the (hypothetical) particles with state vectors ajj" (fc)lm=o( «^o) 
and a\ + (k)\ m= o( Xq) can be completely arbitrary since the field equation 1)7.4(1 do not impose 
on the operators af(k)\ m= o and (fe)| m =o any restrictions. 38 

36 From pure mathematical viewpoint, everything is in order and no problems arise. 

37 To save some space, here our considerations do not take into account the normal ordering, i.e. they 
concern the theory before it; vide infra. 

38 However, the third component of the vector of spin S does not depend on af(k)\ m= o and aJ ± (fe)j m= o 



The above discussion leads to the following conclusion. The Lagrangian formalism, 
without further assumptions/hypotheses, cannot give any information about the operators 
a^(fc)| m= o and a3 ± (fc)| m= o and, consequently, leaves them as free parameters of the quan- 
tum field theory of massless free vector field satisfying the Lorenz condition and described by 
the Lagrangian (|3,7|) . Thus, these operators are carries of a completely arbitrary degrees of 
freedom, which have a non- vanishing contribution to the spin and orbital angular momentum 
operators (|6.15|) and (|6.7j) . respectively, unless before normal ordering we have 

£ f d 3 fe<(fc)| m=0 {at + (fc)oa3(fc)-at-(fc)oa 3 +(fe) 

s=l,2 J 

- a\ + {k) o a-{k) + a\-(k) o a+(fc)}| m=0 = (11.1a) 

I d 3 kl^(k)\ m=0 {ai + (k)oa^(k)-^-(k)oai(k) 
s=l,2 J 

- 4 + (fe) o a -(k) + a\-(k) o a+(fc)}| m=0 = 0, (11.1b) 

where we have used the skewsymmetry of the quantities (|6.8|) and (|6.16|) . The just-presented 
considerations concern the theory before (second) quantization, i.e. before imposing the com- 
mutation relations (|8.2j) . and normal ordering. However, since the quantization procedure 
does not concern the operators (fe)| m =o and a s (fc)| m= o (see Sect. EJ, the above-said 
remains completely valid after these procedures, provided one takes into account the expres- 
sions (|9.3j) - (|9.8j) for the dynamical variables after normal ordering. In particular, after normal 
ordering, the spin and orbital angular momentum operators (|9.6|) and (|9.5|) . respectively, will 
be independent of (fc)| m=0 and a3 ± (fc)| m= o iff 

£ f d 3 fc^(fc)| m=0 {at + (fc)oa3(fc)-a 3 +(fc)oat-(fc) 

s=l,2 J 

- a\ + (k) o a j(k) + at(k) o a 3 -(fc)}| m=0 = (11.2a) 
I d 3 kljl(k)\ m=0 {ai + (k)oa^(k)-4(k)oai-(k) 

8=1,2 

- a\ + (k) o a -(k) + af(k) o a^fe)}^ = °- ( 1L2b ) 

Thus, if one wants to construct a sensible physical theory of a massless free vector field 
satisfying the Lorenz condition, new assumptions to the Lagrangian formalism should be 
added. At this point, there is a room for different kinds of speculations. Here are two such 
possibilities. 

One can demand, as an additional condition, the fulfillment of the field equations ()7.4j) for 
m = and any polarization indices, i.e. for s,t = 1, 2, 3, instead only for s,t = 1,2 obtained 
from the Lagrangian formalism. This will entail the vanishment of all of the quantities 
B^7{q), i.e. (|7.6|) will be replaced with 

B%*(q) = s,s' = 1,2,3 (11.3) 
which, in its turn, leads to (see (|7,11|) ) 

S CL = L Ct = (11.4) 



- see and 11U.11H . 



and, consequently, to the commutativity of the spin angular momentum and momentum oper- 
ators, etc. (see ()7.9)l - (|7.20)l ). Other consequence of the above assumption will be the validity 
of the commutation relations Q8.2|) for arbitrary polarization indices s,t = 1,2,3 in the mass- 
less case. As a result of them and the normal ordering procedure, the vectors (fe)| m =o( «^o) 
and a3 + (fc)| m =o( <^o) wm describe states with vanishing 4-momentum and charge and, gen- 
erally, non-vanishing spin and orbital angular momentum. It seems, states/particles with 
such characteristics have not been observed until now. This state of affairs can be improved 
by adding to the integrands in (|9.3|) and 1)9.4(1 terms proportional to a\ + (k) o a^(k) and 
a£(k) oag (fc) in the massless case, but such a game with adjustment of theory's parameters 
is out of the scope of the present work. 

The second possible solution of the problem(s) with the zero-mass case, we would like to 
explore, does not require drastical changes of the formalism as the preceding one. In it to 
the Lagrangian formalism are added, as subsidiary conditions, the equations ((11. 2(1 or (|ll.lj) . 
depending if the normal ordering is or is not taken into account, respectively. In this way 
only the operators of spin and orbital angular momentum are changed, viz. before normal 
ordering they read (see 1)6.15)1 . 1)6.7)1 . ()7.19j) . 1)7.20)1 and notice that the above assumption 
entails (|11.4)l ) 

<V = <V = T~1J7\ E / d 3 fc<(fc){4 + (fc) o a-(k) - at-(fc) o a+(fc)} (11.5) 
1 + t{U) ss/=i J 

= 1 + t(U) E J d3 Hxo^K - x ^)\ ko= ^ m2c2+k2 {al + (k) o a j(k) + aj"(fe) o a+(fc)} 

— Som f 

/ ^kl^{k){al + (k)oa-,(k)-a\-{k)oa + sl {k)} 



ih 3 ~ 



l + r(U) sJ 



s=l 



-al-(k)(k tl —-K—)oaf(k)\ , (11.6) 

and, after normal ordering, they take the form (see 1)9.6)1 and 1)9.5)1 ) 

• t 3— <5o m „ 

S ^ = 1 + t(W E / d 3 fca; t t'(fc){at + (fc)oa;,(fe)-a+(fc)oat-(fc)} (11.7) 

^ ' s,s'=l J 

£nv = i + T i U \ E / d3 H x ^K-x u k^\ ko= ^^^{al + (k)oa-(k) + af(k)oal-(k)} 

s=l 



1 + 



2 / d 3 fc/-'(fe){at + (fc)oa;,(fc)-a+(fc)oat-(fc)} 



fco=\/ m 2 c 2 +fc 2 



So, formally, the replacement , =1 \—* X/s s'=T should be made and the terms proportional 
to 8o m should be deleted. As a result of these changes, all terms proportional to 5o m in all 
equations, starting from (|7.9|l onwards, will disappear, i.e., for any m, we have 

<W x (•••) = 0, (11.9) 

where the dots stand for some expressions, which depend on af (fc)| m= o and CS3 (fc)| m=0 for 
m = and are set to zero for m / 0; in particular, the equations 1)11.4)1 hold (see 1)7.11)1 
and (jZSJ)), but lflT5|) do not. 

In this way, the operators af (fc)| m= o and cijj (fe)| m =o disappear from all dynamical vari- 
ables. So, if we extend the particle interpretation on them, 39 these operators will describe 
creation/annihilation of massless particles with vanishing 4-momentum, charge, spin and or- 
bital angular momentum. Naturally, such 'particles' are completely unobservable. Thus, the 
properties of the states a^(k)\ m= o( Xq) and a\ + (k)\ m= o(Xo) are similar to the ones of the 
vacuum (see 1)9.13)1 ). but their identification with the vacuum Xq requires additional and, in 
a sense, artificial hypotheses for a self-consistent development of the theory. 40 

So, assuming the validity of (|11.1[) or 1)11.2)) . we see that these equations are the only 
place in the theory, where the operators af(k)\ m =o and a\ (k)\ m =o essentially appear. 41 In 
fact, these equations should be regarded as equations of motion for the mentioned operators, 
which operators do not enter in the field equations 1)7.4)) or in the commutation relations 1)8.2)1 . 
The equations ()11.1)) or 1)11.2)) possess always the trivial solution 

af(k)\ m=0 = 4 ± ( fc )lm=0 = 0, (11.10) 

which agrees with the definition 19.11 of the vacuum, but they may have and other solutions. 
Since, at the moment, it seems that the operators af(k)\ m= Q and a3 ± (fc)| m= o cannot lead 
to some physically measurable results, we shall not investigate the problem for existence of 
solutions of (jTETj) or (JTP)) . different from 1)11.10)1 . 

Regardless of the fact that equations 1)11.1)) or 1)11.2)) exclude a contribution of af (fc)| m =o 
and (k)\ m= o from the dynamical variables, the initial operators U and ift depend on 
them via the operators U^{k) and Uj J ± (k) - see 1)5.18)) and 1)5.6)1 - 1)5.7)1 . As a consequence of 
this, the commutation relations between different combinations of U^(k) and W (fe) also 

depend on af(k)\ m= o and ctg (fc)| m =o in the massless case. Moreover, one cannot calculate 
these relations without additional assumptions, like 1)11.10)1 or the validity of 1)8.2)) for any 
s,t = 1,2,3 in the massless case. Besides, the result depends essentially on the additional 
condition(s) one assumes in the massless case. For instance, if we assume 1)8.2)) to hold for 
any s, t = 1, 2, 3, when m = 0, then, for (fc, m) ^ (0, 0), we get 



[U e Jk), W'{k')]_ = f(s, E'){2c(2Trh)Wm*c> + k^S^k - k>) V{<(fc)<(fc)}, (11.11 



8=1 



where e, e' = ±,=p,f±,f=p and we have applied 1)5.17)) and 1)8.2)1 in the form 

[a £ s (k),a((k% = f(e,e')5 st 5 3 (k - k') (11.12a) 
'0 fore,e' = ±,t± 

±t(U) for (£,£>) = (=F,±),(t=F,t±) • ( 1L12b ) 
±1 for (£,£>) = (=F,t±),(t=F,±) 



39 Such an extension requires the fulfillment of the commutation relations l|8.2|l for s = 3 and/or t = 3 in 
the massless case. 

40 For instance, in a case of a neutral field, when oJ ± (fe) = aj(fc), one can satisfy 111.11 by requiring 
[af (k),a~ (k)] + \ m= o = [oj (k),at(k)]+\ m =o, with s = 1,2 and [A, B]+ := A o B + B o A; in particular, this 
will be valid if we assume [a^(fc), aj (fc)] + | m =o = for s = 1,2. 

41 The initial operators U and depend on these operators too — vide infra. 



Combining 1)11. llj) and we obtain ((fc,m) / (0,0)) 



[Z^(fc), <(fc')]-Uo = /(e,e / ){2c(2vrn)VmV + fc 2 }- 1 5 3 (fc - fe') 



for fc^O 

5^,, for fc = and fx, v = 1, 2, 3 

otherwise 



(11.13a) 



[Z^(fc), <(fc')]-L =0 = /(e,e / ){2c(2vr/ i )Vm2 c 2 + fc 2 }-V 3 (fc - fc') 

/ ^u^i/ f2 for [i=u=0 \ 

X + -T2 - M for ^"=1.2,3 • (11.13b) 

\ fc 1 otherwise J 

On the other hand, if we assume ()ll.l()j) . then 1)11. llj) must be replaced with 

3 — &0m 

[W* (fc), U^{k% = f(e, 6>){2c(2*h)Wm*<? + fc 2 }"V(fc - fc') £ «(*K(fc)}, (11.14) 

8=1 

as a consequence of (|5.17(l . ()11.12|) with s,t = { J' 2 ,' 3 jj- > anci (|11-10|> - So, for the 
relation (111.141) reduces to (J11.13al) (see g2HI)), 42 but for m = it reads ((fc,m) / (0,0)) 



[Z^(fc), <(fc')]-L_ = f(e,e'){2c(2nhfVm^ + fc 2 }^5 3 (fc - fc') x {J- , 

(11.15) 

due to l|4.27|) . Evidently, the equations ()11.13a() and 1)11.15(1 coincide for [i,v = 1,2 but 
otherwise are, generally, different. 

It is now time to be paid special attention to the electromagnetic field. 43 As it is well 
known [1,2,4,16], this field is a massless neutral vector field whose operators, called the 
electromagnetic potentials, are usually denoted by A^ and are such that 

4 = A?. (11.16) 

The (second) quantization of electromagnetic field meets some difficulties, described in loc. 
tit., the causes for which are well-described in [15, § 82] (see also [6]). The closest to our 
approach is the so-called Gupta-Bleuler quantization [1,6,15,16] in the way it is described 
in [1]. However, our method is quite different from it as we quantize only the independent 
degrees of freedom, as a result of which there is no need of considering indefinite metric, 'time' 
('scalar') photons and similar objects. 44 The idea of most such methods is to be started from 
some Lagrangian, to be applied the standard canonical quantization procedure [3,15], and, 
then, to the electromagnetic potentials to be imposed some subsidiary conditions, called 
gauge conditions, by means of which is (partially) fixed the freedom in the field operators 
left by the field equations. 

In our scheme, the free electromagnetic field is described via 4 Hermitian operators A^ 
(for which t{A) = 1 — see (|3.2|1 ). the Lagrangian (|3.7[) with m = 0, i.e. 

C = \c 2 [A v , Vpl o [A v , 7>1 - \c 2 [A^ 7> M ]_ o [A", V v \_ (11.17) 
and the Lorenz conditions (|3.18|) with IA = A, i.e. 

[A^,V^l = 0. (11.18) 



42 For m/0 and k 7^ 0, as one can expect, the commutation relations 1)8. 2jl and l)ll,K-Sa)l reproduce, due 
to 116.3611 . the known ones for a massive free vector field in Heisenberg picture [1,2, 16]. 

43 In fact, the description of electromagnetic field was the primary main reason for the inclusion of the 
massless case in the considerations in the preceding sections. 

44 The only such a problem we meet is connected with the 'longitudinal' photons — vide infra. 



It should be emphasized, the Lorenz condition 1)11, 18|) is imposed directly on the field opera- 
tors, not on the 'physical' states etc. as in the Gupta-Bleuler formalism. So, ()11.16)) -( jll.l8j) 
describe an electromagnetic field in Lorenz gauge. 

Thus, to specialize the general theory form the preceding sections to the case of electro- 
magnetic field, one should put in it (see Qll.lfiJI and sections El and H3) 

m = U=A t{U) = 1 Al= A,, A] t ± = A± Al ± (k) = A^(k) ^(fc) = af{k). 

(11.19) 

It is important to be emphasized, the equations l[11.19[) reduce 1)11.1)1 to 

[a-(k),a+(k)}+} = (11.20a) 

[a7(fc),a+(fe)]+}=0, (11.20b) 

5=1,2 " 

where [A, B]+ := Ao B + B o A is the anticommutator of operators A and B. Since in 1)11. 20JI 
enter the anticommutators [a^(k),a^(k)] + and a^(k) are actually free parameters, the con- 
tributions of a^(k) in the spin and orbital momentum operators can be eliminated via the 
following change in the theory. Redefine the normal products of creation and/or annihila- 
tion operators by assigning to them an additional (with respect to the definition in Sect. |5J) 
multiplier (sign) equal to (—1)-^, where / is equal to the number of transpositions of the 
operators a^(k), relative to cif(k) and aj(fc), required to be obtained the normal form of a 
product, i.e. all creation operators to be to the left of all annihilation ones. Evidently, such a 
(redefined) normal ordering procedure transforms (|11.20|) into identities and, consequently, 
after it all dynamical variables become independent of the operators a^(k). A similar result 
will be valid if the normal ordering procedure, as defined in Sect. ©, holds only for the 
operators af(k) and a 2 (fe) and the operators a 3 (k) anticommute with them, 

[a%(k), af(k)] + = for s = 1, 2. (11.21) 

Notice, if we put (cf. (111.10)1 ) 

af(k) = 0, (11.22) 

the definitions of vacuum, normal ordering procedure, and equations 1)11.21)) (and hence 1)11.1)) 
and ([11.2)1 ) will be satisfied. Besides, these choices will naturally exclude from the theory 
the 'longitudinal' photons, represented in our theory by the vector a^(k)(Xo), which have 
identically vanishing dynamical characteristics. 

The above discussion shows that the operators a^(k) can naturally be considered as fermi 
or bose operators that anticommute with a^(k), s = 1,2, i.e. with anomalous commutation 
relations between both sets of operators [27, appendix F]. 45 Besides, this agrees with the 
above-modified normal ordering procedure, which will be accepted below in the present 
section. 

As a result of ([11.19)1 . the commutation relations 1)8.2)) for an electromagnetic field (in 
Lorenz gauge) read 46 

[af(k),af(k% = [aj(k),af(k% = ±5 st 5 3 (k - k') fors,t = l,2 (11.23) 

and the operators of the dynamical variables, after the (redefined) normal ordering is per- 
formed, for this field are (see (111.201) and (f9~Ti j) - ([9~£j) with m = and t(U) = 1) 

V » = E / ^\ ko=v ^af(k)o a ;(k)d 3 k (11.24) 

s=l,2 _ 

45 Since this excludes the operators o^(fe) from all physically significant quantities, one is free to choose 
bilinear or other commutation relations between ajf (fe). 

46 According to our general considerations, the relations l|lf .2M|I are equivalent to the Maxwell(-Lorentz) 
equations, but written in terms of creation and annihilation operators. 



/ d 3 fc<(fc){[a+(fe),a 3 (fc)]+- 

s=l,2 

£ / d 3 fc^ (fc) | [a + (fc))a - (fc)]+ _ 



Q = 



(11.25) 



C ^=Y1 / d3k (x„k u -x u k^)\ ko=vl? af(k)oa s (fc)+ift / d 3 fc Z*t'(fc)a+(fc)oa s ,(fc) 



s=l,2" s,s'=l,2" 



+ w 5E/ d, *{- + W(^-O "'"W}lwP (1L26) 

6' = 1,2 

V = » E f d 3 ka^{k)a+{k)oa-,{k) (11.27) 

7?- = (11.28) 

< S 1 = 5 2 = S 3 = ihj d 3 k{a+{k)oa 2 (k)-at(k)oa^(k)}, (11.29) 



where, for the derivation of 1)11.28)) and (|11.29|) . we have used ijOty . (jOHj) . and that 

(fc) = 0. Thus, the operators a| 



formally, (|11.27f) corresponds to (|9.6|) with af(fc) = 0. Thus, the operators af (k) do not 



enter in all of the ;dynamical variables. 47 

Prom (|11.24j) - (|11.29|) . it is evident that the particles of an electromagnetic field, called 
photons, coincide with their antiparticles, which agrees with the general considerations in 
Sect. njJJ Besides, the state vectors 6^(fc)(Ab) and ^(/^(^o)) with bf(k) given by 1)6. 30)) . 
describe photons with 4-momentum (Vk^,k), zero charge, and vectors of spin TZ = and 
S = (0,0, +h) or S = (0,0, —H) (see 1)10, 14p ). i.e. their spin vector S is collinear with k 
with projection value +h or —h, respectively, on its direction. 

It is worth to be mentioned, the commutation relations ()7.7|) - (|7.10|) for an electromagnetic 
field take their 'ordinary' form, i.e. 

[Vp, Vu}_ = (11.30) 

[ Q, = (11.31) 

[Sp,,Vx]_ = (11.32) 

[C^, Vxl = -iHrj^V.-vxuVf,}, (11.33) 

as a consequence of which the dynamical variables in momentum picture are (see 1)7.18)) — 

Q= Q (11.34) 

S^iv = S^iv (11.35) 

Cfj, v = C^v + (x^ - x 0lJ ,)V v - (x v - x 0u )V^. (11.36) 

At last, as we said above, the commutators [A^(k), A^(k)]_ and [A^(k), A^(k)]_ cannot 
be computed without knowing the explicit form of [af(k), af(k)]_ and [af (k) , a 3 (k)]_ for 
s = 1, 2, 3. For instance, the additional conditions 1)11.22)1 lead to 1)11.15)1 with A for U and 

e,e' = ±,=F. 

The so-obtained quantization rules for electromagnetic field, i.e. equations 1)11.231) to- 
gether with 1)11.22)1 . coincide with the ones when it is quantized in Coulomb gauge [4, 15], in 
which is assumed 

3 

A = ^[p a ,A]. = (11.37) 

a=l 

47 This situation should be compared with similar one in the Gupta-Bleuler formalism. In it the contribution 
of the 'time' ('scalar') and 'longitudinal' photons, the last corresponding to our states a^(k)(Xo), is removed 
from the average 4-momentum of the admissible states, but, for example, the 'longitudinal' photons have a 
generally non-vanishing part in the vector of spin S — see, e.g., [1, eq. (12.19)]. 



in momentum picture. This is not accidental as (|11.37j) is a special case of (j3.18|) . In fact, 
by virtue of (|4.7j) . it is equivalent to k a A a = (with k 2 = k\ — k 2 = 0) which is tantamount 
to 

= (a+(fc) + a3(fc))(^(fc)| m=0 ) = |^ (fc) + ^ (/c) ° , (H-38) 

due to ifO]) . (|577|) . (f5Tf)) and (|Q3^l - l|Oi|) . Therefore any choice of af (fc) such that 
a^(fc) + ag (fc) = reduces the Lorenz gauge to the Coulomb one. However, the particular 
choice (jll,22|) completely reduces our quantization method to the one in Coulomb gauge, as 
a little more derailed comparison of the both methods reveals. We shall end this discussion 
with the remark that the choice (jll.22)) is external to the Lagrangian formalism and, of 
course, it is not the only possible one in that scheme. 



12. On the choice of Lagrangian 

Our previous exploration of free vector fields was based on the Lagrangian (see (|3.1|) ) 

~C!=t = t^tA o it + -Jl* {-(fytft) o {d»U v ) + (8^) o (d u U u )} (12.1) 
1 + t(U) ^ 1 + t(U) 

in Heisenberg picture. In it the field operators Li and their Hermitian conjugate hfi do 

not enter on equal footing: in a sense, U are 'first' and hi are 'second' in order (counting 

from left to right) unless the field is neutral/Hermitian. Since U and U are associated 

with the operators af and al^ (see Sect. |5J), which create/annihilate field's particles and 
antiparticles, respectively, the Lagrangian (|12.1|) describes the particles and antiparticles in 
a non-symmetric way, which is non-desirable for a free field as for it what should be called 
a particle or antiparticle is more a convention than a natural distinction. This situation is 
usually corrected via an additional condition in the theory, such as the charge symmetry, 
spin-statistics theorem etc. Its sense is the inclusion in the theory of the symmetry par- 
ticle <-» antiparticle, which in terms of the creation and annihilation operators should be 
expressed via theory's invariance under the change af(k) <-> aj =t (fc). As we demonstrated 
in [13,14] for free scalar and spin \ fields, this symmetry /invariance can be incorporated in 
the initial Lagrangian, from which the theory is constructed. Below we shall show how this 
can be achieved for free vector fields satisfying the Lorenz condition. 
As an alternative to the Lagrangian 1)12. lj) . one can consider 

~ m 2 c 4 ^ ~ q + c 2 h 2 r_f d ffj (0ji#"t) + (S^) o (d v U v] )} = C'\- - t 

i + t(w) m i + t{u) x y M v) K ' VM ; v ;/ 

(12.2) 

in which the places, where the operators IA and U.^ are situated in (|12.1|) . are interchanged. 
In terms of particles and antiparticles, this means that we call fields particles antiparticles and 
vice versa, or, equivalently, that the change af(k) *-* aj =t (fc) has been made. Obviously, the 
Lagrangian (|12.2|) suffers from the same problems as Q12.1[) . However, judging by our expe- 
rience in [13] and partially in [14] , we can expect that the half-sum of the Lagrangians (|12.1j) 
and (tT2~2l . i.e. 

~ = m 2 c A f^t ^ » ^ti c2h \ f_ ( g u ] ) (d^U v ) + {d <uU^)o(d u u v ) 

2(1 + t{U)) X m m J 1 + t(U) X ^ v! V ' V ^ 71 ' 

- {dpU v ) o + (8^) o (d v U v] )} = \(C'+ C"), (12.3) 



is one of the Lagrangians we are looking for, as it is invariant under the change U <-> U . 
To any one of the Lagrangians 1)12.1(1 - 1)12.3)) . we add the Lorenz conditions 

d»U^ = d^ul = 0, (12.4) 

which are symmetric under the transformation hi «-> U and for m = are additional 
conditions for the Lagrangian formalism, but for m/0 they are consequences from the field 
equations (see Sect. [Hand below). 

According to the general rules of Sect. |2] (see ()2.4(l and 1)2.16(1 ). the Lagrangians (j!2.1|) - 
1)12.3(1 and the Lorenz conditions 1)12.4(1 in momentum picture respectively are: 



m 2 c 4 



2 4 2 

m C r _ .+ . .„ . . _ .„+-, c 



(12.5) 

-} 
12.6) 



ac 


ac" 


ac 




aw 


aw 


ad 


ac" 


ad" 








aa 


ac" 


ac 1 " 




dyVM 


dyVM 



- W\ V^l o [W, P v \_ + [U v , Vpl o [U v \ P»]_ - [W, Ppl o \W\ P u }_} (12.7) 
[W„,P1 = [Z/t, -P"]. = 0. (12.8) 

The derivatives of the above Lagrangians happen to coincide and are as follows: 48 

9i/"t au^ 

with y M := P X ]_ and y+ A := P X }_. 

As a consequence of ((12.9J) . the field equations of the Lagrangians ()12. 5(1 - 1)12. 7(1 coincide 
and are given by ()3.13)l (and 1)12.8(1 as an additional conditions/equation for m = 0) which, 
for m ^ 0, split into the Klein-Gordon equations ()3.17() and the Lorenz conditions Q12.8j) . 
From here it follows that the material of sections 0] and remains valid without any changes 
for the Lagrangian theories arising from any one of the Lagrangians 1)12. 5(1 - 1)12.7(1 (under the 
Lorenz conditions in the massless case). 

The densities of the operators of the dynamical variables for the Lagrangian 1)12.1(1 are 
given via 1)3.22(1 - 1)3.26(1 . Similarly, the energy- momentum tensor, (charge) current and spin 
angular momentum operators for the Lagrangians ()12.2() and ()12.3() respectively are: 49 

^ = TTTfoW"^ ° + *l ° ( ^ At) } " ^ £ " 
1 + t(U) p 

J (12.10a 



1 + t(U) 



T {{d„U x )o{d v U ] ) + {d u U x )o{d ll U r )}-7?^£" 



48 This assertion is valid if the derivatives are calculated according to the classical rules of analysis of 
commuting variables, as it is done below. Such an approach requires additional rules for ordering of the 
operators entering into the expressions for the dynamical variables, as the ones presented below. Both of these 
assumptions, in the particular cases we are considering here, have their rigorous explanation in a different 
way for computing derivatives of non-commuting variables, as it is demonstrated in [17], to which paper the 
reader is referred for further details. 

49 Excluding the spin operators, the other density operators can be obtained, by virtue of l|12.4^ . as sums 
of similar ones corresponding to U , U Y , U 2 and U 3 and considered as free scalar fields — see [13]. For a 
rigorous derivation, see [17]. 



j; = |{ U X o tta*. - *v ° = ihqc 2 {-(d^U x ) o ^ At + U x o (9^ At )} (12.10b) 

s; /A := t-^tttM^m ° * pA + * pAt ° 

1 + T(U) 

2 V (12.10c) 
' c -~-{(d A ^) o - (d x U u ) oul-U^o (d x U ] u ) + W„ o (d x ul)} 



l + r(U) 

oh J , fA A **. o (d^ A ) + {d u li M ) o vr| 

2(l + r(W)) (12na) 



+ {d v U X ) o n x , + o {d u U X] )} - ^ £!" = \{ % v + 7j} 

j? = i~ h {^°u x - ^ ° A, + ^ A ° - 4 ° ^ At } = ^ ^ + ( 12 - llb ) 

2(l + r(W)) (1211c) 
+ (^A) o ^ + fr^t o (foul)} = \{ S% + S'£}. 

Thus, we see that the dynamical variables derived from C" can be obtained from the ones 
for £ = £ by making the change U <-> 14^ and reversing the current's sign. Besides, the 
dynamical variables for £"' are equal to the half-sum of the corresponding ones for £ = C 
and C". So, symbolically we can write (see also (ED}, (j2?T9|l - lj23T]) and 1(213)1) 

2?" = ±2?'| w ^ w t ^ //, = ^ / +P"), (12-12) 

where P = 7^,, ^7^, C*, V^, Q, S^, /Z^ and the minus sign in the first equality 
stand only for T> = J„, Q. If we express the dynamical variables in terms of creation 
and annihilation operators, which are identical for the Lagrangians we consider (vide infra), 
then 1)12.12)1 takes the form 

V" = ±V'\ ±,.. t ±... V" = -(£>' + £>"), (12.13) 

\af(k)^a' s (fe) 2 

with V = Vfx, Q, Sfj, u , C^. 50 To save some space, we shall write explicitly only the conserved 
operator quantities for the Lagrangian (|12.6|) . Combining (|6.5[) - (|6.7[) and (|6.15() with the 
rule (|12.1H|) . we get in Heisenberg picture (and before normal ordering): 

3— Son 



i " " um r 

K= 1 + T(u) E J k,\ ko=v -^^{at(k)oai-(k) + aj(k)oat + (k)}d 3 k (12.14a) 
Q" = -qJ2 {at(k)oai-(k)-a;(k)oat + (k)}d 3 k (12.14b) 

s=l ^ 

S% = * E / d 3 fc<;(fc){a+(fe) o a\r(k) - a~(k) o J/ (fc)} (12.14c) 

^ ^ ' s,8' =1 
3— 5om 

^ = 1 + T ( U \ E / d 3 fc(xo^-xo^ M )| fco= ^ m2e2+fc2 {a+(fc)oat-(fc)+a;(fc)oat + (fc)} 

^ ' s=l 

+ ; , * E / d 3 fcZ^(fc){^(fe)o4"W-«r(fc)°4 + W} 



50 For 23 = P M , Q, the first equation in l|12.K-{[l is evident (see l|6.1^ and JH3J)i but for T> — <S M „, £ M „ some 
simple manipulations are required for its proof — see 116. 8H and 16.161 1 . 



3—5 

+ 2(1 A^)) g / ^KK^aF - ^) °<^<*> 



- M*)(V^ - *,^) • <4 + (*)}| ■ d2.14d) 

Let us turn now our attention to the field equations in terms of creation and annihilation 
operators for the Lagrangians C , C" and C" . For £ = C they are given by (|7.4|) , To 
derive them for C" and one should repeat the derivation of (|7.4| from (|7.2ft with 7-^ and 
7^" = + 7^')> respectively, for P M . In this way, from £L2J) with P M = 7^, 7% (112.14a!) 

and (|12.13j) with I? = P„, we obtain the field equations derived from the Lagrangians C" 
and C" respectively as: 

[af(k),af(q) o oj " (g) + (g) o a\ + (q)]_ ± (1 + r(U))af (k)6 st 5 3 (k - q) = "ff t (k,q) 

(12.15a) 

[4 ± (fe),a+(q) o 4 -(,) + aT(g) o a t t + (g)] ± (1 + r{U))a\ ± (k)5 st 5 3 (k - q) = "f\t%q) 

(12.15b) 



[af(k),al + (q) o a t ~(g) + aj (g) o a+(g)]_ + [a±(fc),a+(g) o a] (g) + a t ~(g) o a\ + (q)]_ 

±2(l + T(U))af(k)5 st 5 3 (k- q ) = '"fi t (k,q) (12.16a) 

[a\ ± (k) , a\ + (g) o fl - (g) + aj ~ (g) o a+ (g)] _ + [a\ ± (k) , a+ (g) o a\ ~ (g) + a, (g) o a J + (g)] _ 

± 2(1 + r(^))at ± (fc)5 st 5 3 (fc - g) = '"/^(fc, g), (12.16b) 

where the polarization indices s and t take the values 

f 1.2, 3 form^O 
s,t = < ' r 12.17) 

[1,2 form = 

and the operator- valued (generalized) functions a f (k,q) and a p (k,q), with a = f,ff,fff, 
are such that 

/ ^I^V^^^^^)^^ = y ^l, 0=VS ^ a / t± (fc, Q ) d 3 Q = 0. (12.18) 

Equations, similar to (|7.7j) - (|7.1U|) . can be derived form (|12.15f> and (|12.16|) and, conse- 
quently, expressions for the dynamical variables in momentum picture, similar to (|7.18j) — 
(|7.2U|) . can easily be obtained from these equations. 

As we see, the dynamical variables and the field equations in terms of creation and anni- 
hilation operators for the Lagrangians (|12.1|) - ()12.3[) are completely different for a non-Her- 
mitian field, ift ^ U or aj ± (fe) ^ ajr(k), and, in this sense, the arising from them quantum 
field theories of free vector field satisfying the Lorenz condition are different. A step toward 
the identification of these theories is achieved via the 'second' quantization procedure, i.e. by 
establishing/imposing for/on the creation and annihilation operators commutation relations, 
like (|8.2|) for the Lagrangian (|12.1|) , These relations for the Lagrangians (|12.2|) and (|12.3j) 
can be derived analogously to the ones for (|12.1|) . i.e. by making appropriate changes in 
the derivation of the commutation relations for an arbitrary free scalar field, given in [13] 
(see also [14], where free spinor fields are investigates). Without going into details, we shall 



say that this procedure results into the commutation relations (|8,2j) for any one of the La- 
grangians l|12.1j) - ()12.3|) (under the Lorenz conditions ([12.4)1 in the massless case). In this 
way, the systems of field equations (|7.4|) . (|12.15f> and 1)12.16(1 became identical and equivalent 

to JS2J). 

It should be emphasized, the derivation of (|8.2|) for the Lagrangians ()12.1)) - (jl2,3|) is 
not identical [13]: the Lagrangian (|12.3|) does not admit quantization via aniicommutators, 
contrary to (jl2.1j) and ()12.2|) . So, the establishment of (|8.2|) for £ and C" requires as an 
additional hypothesis the quantization via commutators or some equivalent to it assertion, 
like the charge symmetry, spin-statistics theorem, etc. [1]. Said differently, this additional 
assumption is not needed for the Lagrangian (|12.3|) as it entails such a hypothesis in the 
framework of the Lagrangian formalism. The initial cause for this state of affairs is that the 
symmetry particle <-> antiparticle is encoded in the Lagrangian C" via its invariance under 
the change IA <-> £/L In particular, since for a neutral field we, evidently, have 

d = C" = £"' if = U\, (12.19) 

for such a field, e.g. for the electromagnetic one, the spin-statistics theorem and other equiv- 
alent to it assertions are consequences form the Lagrangian formalism investigated in the 
present paper. 

Since the commutation relations for the Lagrangians (|12.1|) - (|12.3|) are identical, we as- 
sume the normal ordering procedures and the definitions of the vacuum for them to be 
identical, respectively, and to coincide with the ones given in Sect. ED 

Applying the normal ordering procedure to the dynamical variables corresponding to the 
Lagrangians (tT2~H - (tT2~31) (see (fo3|) -(f6~% J) . (I6~l3|) . (112.141) and (112.131) ). we see that, after this 
operation, they became independent of the Lagrangian we have started, i.e. symbolically we 
can write 

V' = V" = V" = V V=V^,Q, V, <V, (12.20) 

where the operators for £ = C are given by ()9.3|) ~ (|9.6|) . (To prove these equations for 
*D = £fiv, S^ v , one has to use the antisymmetry of the quantities l)6.8jl and 1)6.16)) .) 

Let us summarize at the end. The Lagrangians (|12.1|) - (|12.3|) . which are essentially differ- 
ent for non-Hermitian fields, generally entail quite different Lagrangian field theories unless 
some additional conditions are added to the Lagrangian formalism. In particular, these the- 
ories became identical if one assumes the commutation relations ()8.2j) . the normal ordering 
procedure and the definition of vacuum, as given in Sect. 03 The Lagrangian (|12.3|) has the 
advantage that the spin-statistics theorem (or charge symmetry, etc.) is encoded in it, while, 
for the Lagrangians (|12.1|) and (|12.2|) this assertion should be postulated (imposed) as an ad- 
ditional condition to the Lagrangian formalism. For a neutral free vector field satisfying the 
Lorenz condition, i.e. for electromagnetic field in Lorenz gauge, the spin-statistics theorem 
is a consequence from the Lagrangian formalism. 51 

13. On the role of the Lorenz condition in the massless case 

Until now, in the description of free massless vector fields, we supposed that they satisfy 
the Lorenz condition, i.e. the equations d^U = and d^U^ = in Heisenberg picture 
or (|3.18|) in momentum one, as subsidiary restrictions to the Lagrangian formalism. Such 
a theory contains some physical, not mathematical, problems which were summarized and 

51 Recall [13], the proof of the spin-statistics theorem (charge symmetry, etc.) for the Lagrangian l|12,M^ 
requires as a hypothesis, additional to the Lagrangian formalism, the assertion that the commutators or 
anticommutators of all combinations of creation and/or annihilation operators to be proportional to the 
identity mapping of system's Hilbert space of states, i.e. to be c-numbers. 



partially analyzed in Sect. 111! The present section is devoted to a brief exploration of a 
Lagrangian formalism for free massless vector field without additional restrictions, like the 
Lorenz condition. As we shall see, in this case the problems inherent to a formalism with 
the Lorenz conditions remain and new ones are added to them. 

For other point of view on the topic of this section, see, e.g., [4, § 7.1]. 

Most of the considerations in this section will be done in Heisenberg picture which will 
prevent the exposition from new details (which are not quite suitable for the purpose). 

13.1. Description of free massless vector fields 
(without the Lorenz condition) 

The description of a free massless vector field coincides with the one of a free massive vector 
field, given in Sect. |3J with the only difference that the field's mass parameter m (which is 
equal to the mass of field's particles, if m ^ 0) is set equal to zero, 

m = 0. (13.1) 

In particular, the Lagrangian formalism can start from the Lagrangian (see (|3.1[) and (|3.7|) ) 

1 = ~ ltr(U) {d ^ v) ° (9 ^ V) + X + Tifl) ®^ ° {9uQV) (13 ' 2) 

c = i + l{u) ^ v » l ° [ZA n - " [WMt > v » l ° w ' v ^ (13 - 3) 

in Heisenberg and momentum picture, respectively. The Euler-Lagrange equations for this 
Lagrangian are the following massless Proca equations (see (|3.5|) and (|3.13(0 

- d,(d x U x ) = U{U\) - d»{d x u\) = (13.4) 

r x }_, v x }_ - [[u u , v u }_, p»]_ = o [\u\, Vxl, r x }_ - ml v v i, v>]_ = o (13.5) 

in Heisenberg and momentum picture, respectively. (Recall, □ := d^dn.) As pointed in 
Sect. 13 these equations do not imply that the field operators satisfy the massless Klein-Gor- 
don equations and the Lorenz conditions (see (|3.6j) . (|3.13|) . (|3.17j) and 1)3.18(1 with m = 0). 
The common solutions of the massless Klein-Gordon equations and the Lorenz conditions 
for the field operators are solutions of the massless Proca equation, but the opposite is not 
necessary, i.e. the latter system of equations is more general than the former one. This is 
the cause why, for solutions of (|3,5|) . the Lagrangian 1)13. 3|) cannot be reduced to ((3.19J) with 
m = in the general case (unless the Lorenz conditions ()3.18j) are imposed on the solutions 
of (|13.5|) as additional conditions). 

The general expressions for the densities of the dynamical variables through the generalize 
momenta tt\^ (see the first equalities in l)3.22|) - ()3.26|) ) remain, of course, valid in the massless 
case too, but their particular dependence on the field operators is different from the second 
equalities in ()3.22j) - (|3.26|) . as now (|3.12|) . without the Lorenz conditions on these operators, 
should be used. Thus, the dynamical variables of a massless vector field are: 



(13.6) 



1 + t(U) 
1 + T[ LA ) 

= ihqc 2 {(d^u[) ou x -ti\o (d^u x ) - (d^u*) oti^+u\o {d H iT)\ (13.7) 

M x v = l x v + S x u (13.8) 

£fiv '■ = x fj. T v ~ x f T p (13.9) 



1 + t(U) " " * (13.10) 

Notice, in (|13.6|> the Lagrangian L must be replaced by its value given by (|13.2j) . not by (|3.19|) 
with m = 0. Evidently, the Lorenz conditions (|3.6b|) reduce the equations (|13.6|) - (|13.10|) 
to (|3.22|) — ()3.26|) . respectively. If needed, the reader can easily write the above equations in 
momentum picture by means of the general rules of Sect. [21 

It should be remarked, as the energy-momentum tensor (jl3.fi j) is non-symmetric, the spin 
and orbital angular momentum are no longer conserved quantities. 



13.2. Analysis of the Euler-Lagrange equations 

Since the solutions of the Euler-Lagrange equations (jl3.4|) (or (|13.5jl ) generally do not sat- 
isfy the Klein-Gordon equation, we cannot apply to free massless vector fields the methods 
developed for free scalar fields. To explore the equations (|13.4|) . we shall transform them into 
algebraic ones in the momentum representation in Heisenberg picture [1,15,16]. 

Define the Fourier images u^{k) and ujj,(k), fc£l 4 , of the field operators via the Fourier 
transforms 

U,{x) = (2^)2 / e~**%(fc) d 3 k u\(x) = j^y 2 f e-rn^ul(k) d 3 k, (13.11) 

where d 4 /c := dk° dk 1 dk 2 dk 3 and kx := A^x M . Since U (x) is the Hermitian conjugate of 
^0); til(x) := (U^(x)) j , we have 

^(k) = (fi M (-fc))t. (13.12) 

Substituting 1)13.111) into 1)13.4(1 . we find the systems of equations 

k 2 u^(k) - k^k v u u {k) = k 2 ul(k) - k^k u ul(k) = 0, (13.13) 

which is equivalent to ([13.4)1 . Here and below k 2 := k^k^ . (From the context, it will be clear 
that, in most cases, by k 2 we have in mind k^k^", not the second contravariant component of 
k.) ' 

Let us consider the classical analogue of the equation (|13.13|) . 

k\(k) - k^k v v v {k) = (k 2 ri^ - k^k v )v v {k) = 0, (13.14) 

where v^{k) is a classical, not operator- valued, vector field over the /c-space M 4 . This is a 
linear homogeneous system of 4 equations for the 4 variables vo(k), v±(k), V2(k) and Vs(k). 
Since the determinant of the matrix of (|13.14|) is 52 

det[k 2 r]^ v - k^k v ]l u=0 = k 2 (-k 2 + k 2 ) = 

the system of equation (|13.14l) possesses always a non-zero solution relative to v v {k). Besides, 
the form of this determinant indicates that the value k 2 = is crucial for the number of 
linearly independent solutions of (|13.14|) . A simple algebraic calculation reveals that the 
rank r of the matrix [k 2 n^ u — k^ky] 3 ^ u=0 , as a function of k, is: r = if k^ = 0, r = 1 if 

52 One can easily prove that det[c MI/ — z^Zv] v=Q = C0C1C2C3 + z%c\C2Cz + cqz\cic- a + cqC\z\c->, + cqC\C2zI 
for a diagonal matrix [c M „] = diag(co, C2, C2, C3) and any 4-vector z M . Putting here c M „ = k 2 ^^ and z M = k^, 
we get the cited result. 



k 2 = and kn 7^ for some fi = 0, 1, 2, 3 and r = 3 if k 2 ^ 0. Respectively, the number of 
linearly independent solutions of 1)13.14)1 is infinity if ku = 0, three if k 2 = and k^ ^ for 
some /x = 0, 1, 2, 3, and one if A: 2 / 0. 

For k 2 = 0, the system 1)13.14)1 reduces to the equation 1)4. 2UI) with m = 0, which was 
investigated in Sect. HJ For k 2 ^ 0, it has the evident solution 

w^k) :=i-|= (fcV0), (13.15) 



which is normalized to —1, 

w^{k)w v {k) = -1 ( A: 2 ^ ), (13.16) 

and any other solution of 1)13.14)1 is proportional to w^(k), as defined by 1)13.15)1 . 
Therefore, for any fc„, we can write the general solution of 1)13.14)1 as 

3 

«a*(*) = ^^ a s( fe )^( fc )| m =o + (! - <W)a4(fc)«>/i(*0» (13.17) 

s=l 

where ai(A;), . . . , a4(fc) are some functions of = (ko, ■ ■ ■ , ks), v s ^(k) with s = 1,2,3 are 
defined by l)4.2U)) - ()4.25|) . and the Kronecker delta-symbol 5^2 (:= 1 for k 2 = and := for 
k 2 ^ 0) takes care of the number of linearly independent solutions of 1)13. 14)1 . 
Returning to the operator equations ()13.13)) . we can express their solutions as 



(k) = (2vr) 2 {ic 2 (2vr^) 3 }- 1 / 2 { ( 5 0fc2 J>'(*K( fc )|m=o + (1 - 5 0k ,)~a^k)w ^k)} 

(13.18) 



t(fc) = (2vr) 2 {ic 2 (2^) 3 }- 1/2 {5 0fc2 E S tC fc KC*)lm=o + ^ " <W)4(*K(*0} 

s=l 



where ai(A;), . . . ,a\{k) are some operator- valued functions of k, which, by ()13.12)) . are such 
that 

at(k) = (aU-k))^ to = 1,2, 3, 4, (13.19) 

and the factor (2Tr) 2 {ic 2 (2irh) 3 }~ 1 / 2 is introduced for future convenience. (The operators 
ai(k), . . . ,a\(k) are closely related to the creation and annihilation operators, but we shall 
not consider this problem here.) 

At last, combining 1)13.19)1 and 1)13. 11|) . we can write the solutions of the field equa- 
tions l)13.4j) as 



(x) =(2^) 2 {ic 2 (2^) 3 r 1/2 / ^e-^ fc ^ s (fc)^(fc)| m=Q d 4 fc 

fc 2 =o 5=1 

+ (27r) 2 {ic 2 (2vr/ l ) 3 }- 1 / 2 J e'^a^w^k) d*k 



3 



13.20) 



U\(x) =(2^) 2 {ic 2 (2^) 3 }" 1 /2 J ^ e -^4(kK(k)\ m=0 d'k 

fe 2 =o s=1 

+ (2vr) 2 {ic 2 (2vr/ i ) 3 }- 1 / 2 J e -^ kx a\{k)w^{k) d 4 A;. 



Since the Lorenz conditions (see Q3.6JI ) 



&>UJx) = d*tfjx) = (13.21) 



in momentum representation in Heisenberg picture read (see (|13.11|0 . 

k^u^k) = k^ulik) = 0, (13.22) 

we see that they are equivalent to the selection of solutions of (|13.13|) with 

k 2 = 0. (13.23) 

Said differently, the Lorenz condition on the field operators is equivalent to the imposition 
of the restrictions 

a 4 (k) = a\(k) = ( k 2 ^ ), (13.24) 

due to 1)13.18(1 (or 1)13.20(0 . Here the operators a 4 (&;) and a\{k) may be considered as a 
measure of the satisfaction of the Lorenz condition by the field operators. Therefore the sum 
of the terms containing an integral over the hyperboloid k 2 = in (|13.2U|) corresponds to 
field operators satisfying the Lorenz condition and, consequently, to them is valid the theory 
developed in the preceding sections. In particular, up to a constant, the operators a s (k), 
s = 1,2,3, are sums of the creation and annihilation operators (in Heisenberg picture - 
see (|6.36|0 of a free massless vector field satisfying the Lorenz condition. 

13.3. Dynamical variables 

To reveal the meaning of the operators a^k) and a\{k) in (j!3.20|) . we shall express the 
field's dynamical variables in terms of a w (A;) and alj{k), oj = 1,2,3,4. For the purpose, the 
decompositions (|13.2U|) should be inserted into the expressions (|13.6j) — (|13. l(Jf) and, then, the 



conserved operators (|2.1j) , (|2.19|) - ([2.21|) to be calculated. It is not difficult to be seen, a 

dynamical variable V, with V = V^, Q, C^, for respectively the momentum, charge, 

orbital and spin angular momentum operators, has the following structure: 

n ~ 0— 4 ~ 4 ~ 
V= V+ V+ V. (13.25) 

Here °f> := f k 2 =0 d 4 A; f k ,2_ d 4 A/{- • • } is the dynamical variable under the conditions (|13.24j) . 
i.e. if the field operators were supposed to satisfy the Lorenz condition; the second term is 
of the form T> := f k 2 =Q d 4 k d 4 k'{- ■ ■ } with the expression in braces being a linear 

combination of terms like at(k) o a 4 (/c') and a\{k')oa s {k), where s = 1,2,3; and the structure 
of the last term is V := J fc 2^o ^ ^ Jfc'Vo ^ k'i' ' ' } with the expression in braces being 
proportional to the operator d\(k) o a 4 (/c'). 

By means of the explicit formulae (|4.23I) - H4.25|) and ()13.15|) . one can prove, after simple 
algebraic calculations, that 

4 f) = V = %, Q, C^, S^. (13.26) 

Thus, if we regard a^{k') and a\{k') as independent degrees of freedom (possibly connected 
with some particles), then their pure ('free') contribution to the dynamical variables is van- 
ishing. However, the second term in ()13.25|) is generally non-zero. Simple, but long and 
tedious, algebraic calculations give the following results: 



0-4 ~ 



{y^5 3s - k }{at{k) o a 4 {k') + a\{k') o a s (k)} (13.27a) 



k k' 



k' 2 -k 2 



l Q = q y [ d*k [ dW(fc + k')e-^- k 'o>° 

--{^S 3s - fc }{-4(^) ° eUC*') + ° (13.27b) 



x ko 



3 

n - 4 5 = y / d 4 fc /" d 4^3 (fe fc / )e -^(fco-fc£)xO 

^ i+r(^)^y fc 2 =0 y fc ^ ^ ; 

{aj(fc) o a 4 (A/) + a\(k') o a s (A;)} 

k' 2 - k 2 

J(-1) <5( "'|A; (^ - fcoK(fc)-fca(v^o^ 3s - fc d)} for O^") = (0,a),(a,0) with a = 1,2,3 
[(/co — ^(k^vKk) — kyV^ik)) otherwise . 

(13.27c) 

Notice, the expression k' Q 2 — fcg in (|13.27|) is different from zero as k' 2 — k" 2 = k' 2 — k 2 = 
k' 2 - k' 2 = k' 2 ^ 0, due to = k 2 = k 2 , - k 2 and the 5-function 5 3 {k + k') in (fm7|) . 

13.4. The field equations 

Recall now that we consider quantum field theories in which the Heisenberg relations Q2.7J1 
hold as a subsidiary restriction on the field operators. Consequently, the system of field 
equations consists of the Euler-Lagrange equations (|H14j) . the Heisenberg relations 

[W M (x), V v \_ = ih-j£/ [U\{x), V v ]_ = ih-^ (13.28) 

and the explicit connection between and the field operators, i.e. (see (jl3,25|) -l jl3.27|0 

P„ = % + °~% (13-29) 

with Vfj, given by the r.h.s. of (j6.5|) and ° defined via (|13.27aj) . 

Since the expansions (|13.2()|) take care of the Euler-Lagrange equation (|1^.4jl . the equa- 
tions (|13.28[) remain the only restrictions on the field operators. Substituting equation ()13.20j) 
into (|13.28|) . we get 

[a s (k), Vy\_ = -k^asik) s = 1, 2 k 2 = (13.30a) 
[a 4 (k), Vfh. = -kf+Mk) k 2 / 0. (13.30b) 
One can verify that ()13,30a)) is equivalent to (|7.2() with m = and given by ()13,29|) , 
Notice, the operators a^(k) and a^(k) (or (k) and a\^(k)), with k 2 = 0, enter in the field 
equations ()13.30|) and into the dynamical variables via ()13.29[) and (|13.27|) (see also ()6.7j) 
and (|6.15j0 . However, a particle interpretation of the degrees of freedom connected with 03 (k) 
and a\(k) fails as they enter in (|13.30|) . (|6,7|) and (|6.15|) only in combinations/compositions 
with a^ik) and ai(k) with uj = 1,2,4. In that sense, the operators as{k) and a\(k) serve 
as 'coupling constants' with respect to the remaining ones. Similar is the situation with 
the operators a^k) and a\(k), with k 2 7^ 0, regarding the dynamical variables, but these 
operators are 'more dynamical' as they must satisfy the equations l|13.30b|) . 

The explicit equations of motion for duj(k) and ab(k), uj = 1,2,3,4, can be obtained by 
inserting (|13.29|) (see also (|13.27a|) and (f53|) with m = 0) into (jl3.30j) . The result will be 
similar to (j7.^|) or (|7.4j) . with m = 0, but additional terms, depending on 0,4 (k) and a\ (k) 
with k 2 7^ 0, will be presented. We shall not write these equations as they will not be used 
further and it seems that a^k) = a\{k) = 0, when they coincide with (|7.4fl . is the only their 
physically meaningful solution (see Subsect. 113.51 below^. 



h' 2 h 2 



13.5. Discussion 



Equations (|13.2fi[) and (j!3.27[) show that the operators a±(k!) and d\(k') (with k' 2 / 0) do 
not have their own contributions to the dynamical variables, but they do contribute to them 
via the combinations at(k) o a±(k!) and a\(k') o a s (k), with k 2 = 0, k' 2 ^ and s = 1,2,3. 
In a sense, the operators a&(k') and a\{k') act as 'operator- valued coupling constants' for 
the operators a\{k) and a s {k) (and hence for a\ (k) and af(k)), as via them they bring an 
additional contribution to the dynamical variables with respect to vector fields satisfying the 
Lorenz condition. In this aspect, the operators a±(k') and a\(k') are similar to a^(k) and 
a 3 (k) (or 03 (fc) and d\(k)) (for details, see Sect. fTT^) . 

Consequently, the absence of the Lorenz conditions brings new problems, in addition to 
the similar ones with the operators af(k) and a^(k) (see Sect. Ill|) . One can say that a 
massless free vector field, which does not satisfy the Lorenz condition, is equivalent to a 
similar field satisfying that restriction and with self-interaction determined by a±{k') and 
d\(k'). One can try to get rid of the contributions of the last operators in the dynamical 
variables by imposing on them some subsidiary conditions, called gauges in terms of the 
initial operators U (x) and U (x). The problem of gauge freedom of massless vector fields 
is well-studied in the literature [1,2,4] to which the reader is referred. In particular, one can 
set the operators (j!3.27j) to zero by demanding 

d\{k)oa A {k') + d\{k')oa s {k) =0 d\(k) o a±(k') - a\(k') o a s (k) = (13.31) 

for k 2 = 0, k' 2 / 0, and s = 1, 2, 3, or, equivalently, 

al(k) o a±(k') = a\(k') od s (k) = {k 2 = 0, k' 2 ^ 0, s = 1,2,3). (13.32) 

For instance, these equalities are identically satisfied if the Lorenz condition, e.g. in the 
form ()13.24j) . is valid. 

Let us summarize. A theory of massless free vector field, based on the Lagrangian (|13.2j) 
contains as free parameters the operators a^(k) and a^(k) and, partially, a^(k') and d\(k'), 
with k 2 = and k' 2 ^ 0. These operators have, generally, non-vanishing contributions to 
the dynamical variables only via their compositions with the ('physical') operators aj(fe) 
and aj =t (fc) (or a s (k) and a\{k) ), with s = 1,2, and via the combinations a\(k) o a±(k') 
and a\(k') o ds{k). As a result, these operators describe degrees of freedom with vanishing 
own dynamical characteristics and, consequently, they do not admit particle interpretation. 53 
As we saw in Sect. ^3 the operators af(k) al ± (fc), with s = 1,2,3 and k 2 ^ 0, describe 
reasonably well massless free vector fields satisfying the Lorenz condition, in particular the 
electromagnetic field. From this point of view, we can say that the operators a^(k), a\^(k), 
54 (A/) and a\{k') describe some selfinteraction of the preceding field, but it seems such a 
selfinteracting, massless, free vector field is not known to exist in the Nature at the moment. 
The easiest way for exclusion of that selfinteraction from the theory is the pointed operators 
to be set equal to zero, i.e. on the field operators to be imposed the Lorenz conditions 
and (|11.1()|) . However, it is possible that other restrictions on the Lagrangian formalism may 
achieve the same goal. 

At the end, the above considerations point that the Lorenz condition should be imposed 
as an addition (subsidiary) condition to the Lagrangian formalism of massless free vector 
fields, in particular to the quantum theory of free electromagnetic field. Besides, the condi- 
tions (|11.1U|) also seems to be necessary for a satisfactory description of these fields. 

53 If one assigns particle interpretation of the discussed operators, then they will have vanishing 4-momen- 
tum, charge and spin and hence will be unobservable. 



14. Conclusion 

A more or less detailed Lagrangian quantum field theory of free vector fields, massless in 
Lorenz gauge and massive ones, in momentum picture was constructed in the present pa- 
per. Regardless of a common treatment of the both types of fields, the massless case has 
some specific features and problems. The Lorenz conditions are external to the Lagrangian 
formalism of massless vector fields, but they are compatible with it. However, for an electro- 
magnetic field, which is a neutral massless vector field, in Lorenz gauge, we have obtained 
a problem-free description in terms of creation and annihilation operators, i.e. in terms of 
particles. This description is similar to the Gupta-Bleuler quantization of electromagnetic 
field, but is quite different from the latter one and it is free of the problems this formalism 
contains. Our formalism reproduces, under suitable additional conditions, the quantization 
of electromagnetic field in Coulomb gauge. 

Between the Lagrangians, considered for a suitable description of free vector fields sat- 
isfying the Lorenz conditions, we have singled out the Lagrangian ()12.3j) . It is invariant 
under the transformation particle^antiparticle, described in appropriate variables, so that 
in it is encoded the charge symmetry (or spin-statistics theorem). The field equations in 
terms of creation and annihilation operators for this Lagrangian are (|12.16j) (under the con- 
ditions (|12.17j) and (|12.18jl ). They can equivalently be rewritten as 

[[at + ( q ),a^(q)] + ,af(k)]_+[[ai(q),al-(q)] + ,af(k)]_ 

= ±2(1 +T(U))af(k)5 st 5 3 (k -q)- "'ff t (k,q) 
[[al + (q),a T (q)] + ,ai ± (k)}_+[[at(q),at(q)] + ,ai ± (k)}_ 

= ±2(1 +r(U))ai ± (k)5 st 5 3 (k - q) - "'fl±(k,q) 

Trilinear equations of this kind are typical for the so-called parastatistics and parafield the- 
ory [28-32], in which they play a role of (para)commutation relations. In a forthcoming 
paper, we intend to demonstrate how the parabose commutation relations for free vector 
fields (satisfying the Lorenz condition) can be obtained from (j!4.1|) . 
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